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1. Introduction and Summary 

The AdS/CFT correspondence has been a powerful tool in understanding nonpertur- 
bative string theory (for a review, see [|l[]). This is especially true in two dimensions, due 
to the infinite dimensional structure of the conformal group. The examples most studied 
are the conformal field theories dual to type II string theory on geometries of the form 
AdS^ X X Ai, with Ai = K3 or T^. These geometries arise from the near-horizon 
limit of Qi onebranes coincident with fivebranes, with the fivebranes wrapping Ai and 
the onebranes transverse to Ai. The dual CFT's obtained in this way are sigma models 
on the moduli space of Qi instantons in U{Q^) gauge theory on Ai. They possess small 
M = (4, 4) superconformal symmetry, in which the four (anti)holomorphic supercurrents 
are charged under a single SU{2) i?-symmetry current. They also form a doublet under a 
global, custodial SU (2) /^-symmetry. U-duality implies that the CFT's for different 
Qi, having the same product = Q1Q5, are different descriptions of the same the- 
ory appropriate to different asymptotic regimes of its moduli space. These CFT's are all 
deformations of the much-studied symmetric product orbifold Sym^ (Ai) [Q. 

Type II string theory also has a solution with the geometry AdS^ x x x S^, 
where the three-spheres are threaded by integral fivebrane flux Qf, and there is also a 
onebrane charge Qi |]5|-|T0[|. This solution is distinguished in having 16 Killing spinors and a 
corresponding large M = (4, 4) superconformal symmetry. Large A/" = 4 supersymmetry is 
distinguished from its small counterpart in that both SU{2) /^-symmetries under which the 
supercharges transform give rise to current algebras (at levels related to the background 
fluxes). Despite this enhanced symmetry, this example is much less well understood than 
that of its AdSs x S"^ x K3 or AdS^ x S"^ x cousins. In particular, the holographic dual 
has not been established. 

For the special case = = Qs, a seemingly obvious candidate dual is obtained 
by replacing K3 or with S'^ x in the symmetric product CFT. This was first suggested 
in IQ], and further studied and elaborated in [|TD[. More specifically one takes (deformations 
of) the symmetric product Syiifi'^'^^ (S), where 5 ~ S"^ x is the supersymmetric U{2) 
WZW model with central charge c = 3. S can be described by a free boson and four 
free fermions and is the smallest large Af = 4 CFT. Many aspects of this construction 
appear promising. First, it carries the large A" = (4, 4) superconformal symmetry and 
has a central charge c = 6Q1Q5 which agrees with the Brown- Henneaux formula |1TT[ 



as 



applied to AdSs x S'^ x S"^ x . It has the small RR-sector gap (of order q q ) required 



Q1Q5 
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for agreement with black hole thermodynamics , and the low- lying states of the Hilbert 
space have the structure of a Fock space, much like supergravity /string theory quanta in 
the AdS background. Indeed it is hard to see how one could satisfy these requirements 
in any way other than with a QiQ^-fold symmetric product. Given the assumption of a 
QiQs-fold symmetric product, S is the only game in town with the required central charge 
c = 3. On top of this, we match the CFT and supergravity moduli as well as the indices 
(as far as they can be compared) in the sector of the theory with zero charge. 

Despite these promising features, this proposed duality has a fatal flaw (for generic 
Qs) in its simplest form. The basic problem is that Syiifi^'^^ (S) depends only on the 
product Q1Q5, while the natural formulation of string theory on AdSs x x x 
depends on Qi, Q5 separately, as we will deduce from by comparing a certain index of the 
conformal fleld theory with a partition function of the supergravity theory. The K3 and 
T"^ cases are rescued from such a contradiction by a large [/-duality group which relates all 
theories with the same value for the product Q1Q5. In striking contrast, we flnd in section 
two below that the U-duality group is extremely limited for x and does not relate 
theories of the same central charge and different Qi, Q5. It is possible that this difficulty 
may be overcome by some kind of modification or twisting of the symmetric product but 
we do not have a concrete suggestion. 

The considerations of the preceding paragraph do not rule out the possibility of a 
'duality' to Syiifi^'^^ (S) when = l.i One can generalize this proposal to the case 
where only one of Qf equals one; then the symmetric product SynP^ [S) is still a viable 
candidate (one of the SU{2) /^-symmetries of the component x CFT is then a current 
algebra of level Q'^ > 1). For general 7^ there is not even a full conjecture for a 
dual. (An interesting and tentative partial proposal was made in [pUf.) 

For general values of Q5 alternatives should be considered. One possibility is the 
low-energy dynamics of fivebranes wrapped on x S^. The gauge theory and related 



^ More precisely, the index of Sym^ (S) depends on all the prime factors of N "democratically" 
but the supergravity depends on the particular factorization A'^ = Q1Q5. 

^ Such a duality may well ultimately make sense, but at present it is not so well-defined 
because supergravity is strongly coupled when Q5 = 1. There may be a duality to a bulk string 
theory when Q5 = 1, but at our current level of string technology this is not well- understood - 
even in the NS case there are singularities Q. Nevertheless in this paper we shall continue to 
speak of a Qs = 1 duality with the idea that the difficulties on the bulk side may eventually be 
overcome. 
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supergravity solutions for fivebranes wrapped on a special Lagrangian S'^ threaded by 
Q'^ units of three-form flux, were considered in |T3| - p!6| . The worldvolume of the fivebranes 
is IR^'^ X S"^ with a warp factor for the S^. The solution in section 3.1.1 of [jl^ has 1/16 
super symmetry, and SU{2)^ symmetry. We conjecture that, with IR^'^ compactified to 
IR^'^ X and Qi instantons on S'^ x S^, the theory will flow in the IR to a sigma model 
with large A/" = (4, 4) superconformal symmetry, i.e. 1/2 supersymmetry and its associated 
SU{2)'^ global symmetry. This sigma model should be closely related to the sigma model 
on the moduli space of Qi instantons in U (Qs) gauge theory on S"^ x S^. This sigma model 
has not been studied (some relevant mathematical results can be found in [|l^); indeed, it 
is not known if this model has large Af = 4 supersymmetry. 

The difficulties in establishing a holographic duality might seem surprising. One might 
have expected that the enhanced large A/" = 4 supersymmetry would give greater control 
for this case. While that may ultimately prove correct, there are substantial qualitative 
differences between large and small A/" = 4 which prevent us from drawing on the familiar 
bag of tricks. To name a few: 

1. The BPS bound is nonlinear in the charges and implies that some BPS states must 
get mass corrections at every order in perturbation theory. 

2. The large A/" = 4 algebra has a finite dimensional A/" = 4 superconformal subalgebra 
D{2, l\a). However, BPS states of the global -D(2, l|a) subalgebra are not in general 
BPS states of the large Af = 4 super Virasoro algebra. 

3. There can be any number - odd or even - of moduli, and there are few known con- 
straints on the moduli space geometry.i 

Even so, we will report on progress in understanding both sides of the correspondence. 

On the supergravity side, we revisit in section 2 the solution of the supergravity equa- 
tions of motion on this background, for both NS and R background fluxes. We determine 
the massless moduli, which can be parametrized by the string coupling Qs and (in the IIB 
theory) a linear combination of RR axion Co and four form C4 . The radius of the is 
determined in terms of Qs and the charges.^ We discuss the global structure of the moduli 
space, the low-energy descriptions appropriate to various regimes, and the locus in moduli 
space where the CFT becomes singular. In section 3 we discuss the relation of the solution 
to the near-horizon geometry of intersecting branes. 



^ We will demonstrate one constraint in section 4.4 - that the moduli space is a real slice of a 
self-mirror J\f = 2 theory, which is also fixed under the mirror map. 



This formula differs from the one in |1C]. 
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On the CFT side, we review in section 4 (following [|T8| - p3| ) the large TV = 4 supercon- 
formal algebra and its representation theory. We demonstrate the fact mentioned above, 
that the BPS bound of large A/" = 4 super conformal symmetry in general differs from that 
of its global subalgebra -D(2, 1) which comprises the super-isometries of AdS^ x x S'i. 
We exhibit the general structure of marginal deformations, and we examine the question of 
whether an /i = 1/2 chiral primary field generates a modulus that preserves large A/" = 4. 
In yet another surprise, Dixon's proof of this fact for A/" = (2, 2) [|2^ does not immedi- 
ately apply to the case of large A/" = (4, 4) supersymmetry. We will nevertheless find an 
appropriate generalization of Dixon's proof which does apply to large A/" = 4. 

We also introduce an index for theories with large A/" = 4 supersymmetry, with rather 
remarkable properties: The index is not a number, rather it is a nontrivial modular form. 
Consequently, the analogue of the elliptic genus is not holomorphic. We introduce the 
index and the analogue of the elliptic genus in section 4 and evaluate the index in section 
6 for the symmetric product Sym^ [S'^ x S^). Detailed derivations and further discussion 



of these indices will be the subject of a companion paper |]2^. The related BPS spectrum 
and the moduli of the symmetric product are exhibited in section 5. 

Sections 7 and 8 analyze the BPS and near-BPS spectra of supergravity and compare 
them to the symmetric product. We find that the BPS spectra do not match, in that 
the one-particle states of the classical supergravity limit with different spins ^ i~ on 
do not have a BPS counterpart in the symmetric product (this was already noted in 
for a special case). This might indicate that such states are not protected by large 
Af = 4 supersymmetry (assuming that the correct dual has been identified). Indeed, as 
mentioned above, the BPS bound already requires that the masses receive perturbative 
corrections; furthermore, we show that the (BPS) short multiplets of supergravity occur 
in combinations that can naturally pair up into (non-BPS) long multiplets, so there is no 
reason a priori that they should survive across moduli space. The near-BPS spectrum is 



of course also not protected, but in recent studies [|2^ has been seen to be remarkably 
robust. In our case, the spectrum provides an indication that the symmetric product 
orbifolds indeed only describe the situation where one of the fivebrane charges is one. 

Finally, in section 9 we discuss aspects of the U{1) x U{1) Chern-Simons gauge theory 
which appears in low-energy supergravity. A study of the associated topological field 
theory yields further constraints on the structure of the holographic dual, and provides 
further strong evidence that the symmetric product has = 1 or = 1. Again, details 
and generalizations are deferred to another companion paper |2^ . 
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While our results should help guide the search for holographic duals for supergravity 
backgrounds with large A/" = 4 supersymmetry, many open questions remain. To list a 



i. What are the geometrical conditions on a sigma model target space in order that 
it admit large J\f = 4 supersymmetry? The examples discussed to date are based on 
current algebra cosets ||19|| . Are all models with large Af = 4 automatically conformally 
invariant, as is the case for small A/" = 4? 

ii. What is the geometrical interpretation of the large A/" = 4 index? 

in. Does the sigma model on the moduli space of Qi instantons in U{Q^) gauge theory 
on S'^ X have large M = 4 supersymmetry? Is it a viable dual for Q'^ = Q^l 

iv. Are there possible alternatives to the naive orbifold Sym^{S^ x S^) (Making use, for 
example, of discrete torsion, extensions of the orbifold group Sn, asymmetric shifts 
on the IR factor, etc.), which could serve as candidate duals? For Q'^ = Q^, are such 
orbifold theories on the moduli space of the sigma model proposed in iii.l 
V. What can we say about the (Zamolodchikov) metric and the corresponding geometry 
of moduli space as a consequence of large A/" = 4 superconformal symmetry? 

vi. The new large A/" = 4 index predicts "long string" BPS states. What are the corre- 
sponding geometries/bulk states? (A natural conjecture is that they are generaliza- 
tions of the supertube solutions found in p8[] .) 
vii. The intersecting D-brane configurations that naively give rise to large A/" = 4 super- 
symmetry have chiral fermions bound to the intersection. What is their role, and does 
their presence imply any constraint on the CFT dual? Do they decouple, as we will 
assume below? (See the discussion near equation (3.5) below.) 
These and many other questions remain for future research. 

2. Supergravity solutions 
2.1. Type 11 conventions 
The IIB Lagrangian isl 



few: 




(2.1) 



^ We set a' 



(2^ 



. In the notation of |2£], we have Kiq 



^, Fk = Rk and /i^ = 27r. 
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Here Ri has integral periods; locally Ri = dCo. Rs satisfies the Bianchi identity 



dRs + RiAH = . (2.2) 

When Ri = dCo can be trivialized then 

Fs = R3 + CoH (2.3) 

is closed and has integral periods. R5 has integral periods when if = 0, is self-dual and 
obeys 

dR5^H A F3. (2.4) 

The IIA Lagrangian is similarly 
27r 



[ v^e-2'^(7^ + 4(V(/))2) - 4 / e-^^HA*H 

J 9a J (2.5) 

- TT I R2A *R2 -n R4A *R4^ + n / C3 A dCs A H 



where R4 = dCs - H ACi. 

We now look for AdS solutions to the equations of motion following from (|2.1| ) , (|2T 
on AdS^ X S"^ X S"^ X with either NS or RR three-form background fluxes. 

2.2. Pure NS solutions 

We take R^ = 0, F3 = 0, (p = and 

H = Xqujo + A_|_u;_|_ + A_a;_ (2-6) 

where the volume forms 

ujQ = yoliAdSs) = {i/x2fdt A dx^ A dx'^ 



uj± = vol(S^ 

are normalized so that Jgs uj± = 27r^i?^. We take the metric 



(2.7) 



ds^ = (-dt^ + {dxif + {dx2f) + R\ds^{S\) + Rlds^iSl.) + L^{def {2.i 



with 6 6 + 1. The curvatures are 

7^^, = -2r''g^, (2.9) 
7^ = -6£-2 . 

Similarly, (is^(S^) is the round metric of S"^ normalized as in the unit sphere in Eu- 
clidean IR^. With this normalization we have curvatures: 

RfiiyXp = R '^{g^.xQvp — 9^j.p9ux) 

7^^, = 2R-^g^, (2.10) 
7^ = 6R-^ . 

We look for solutions with constant dilaton. The (p equation of motion then forces 
HmnpH^'"^^ = 0| 

IhmnpH'^''^ = -Xl + Xl + Xl=0. (2.11) 
The stress-energy simplifies and TZ = 0. The Einstein equations then give 



(2.12) 



The fivebrane charges on the two S^s are 

/ H = Qf = Atv'^RI (2.13) 

with Qf integers. The fundamental string charge - also an integer - is 

1 r Sn^RlR^L 

In summary we have 



£-2 








R-J 







J_ / QtQs 



1 



R± = ^\jQi (2.15) 
^ _ 47r^|<5i 



We absorb the constant mode of the dilaton in Qs, and set (/> = at infinity. 
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Note that the radius L and the string couphng g]^ are not separate moduh, rather their 
ratio is fixed by this relation in terms of the charge quanta. 

The pure NS solution considered here can be constructed as an exact worldsheet 
conformal field theory, using products of SU{2) level QJ, SL{2, R) level and U{1) 

WZW models P,^. This conformal field theory provides solutions of all the d = 10 
superstring theories. 

For the case of the IIA string almost the same equations apply. The result is exactly 
( p.l5|) with qb ^ Qa- Note that this makes good sense since under T-duality 

Le/gl = La/91 (2-16) 
and this is the quantity which is fixed when we have purely NS sector fiuxes. 



2.3. Pure RR solutions 

The case of purely RR fiuxes, which is related to the near-horizon geometry of the 
intersecting D1-D5-D5' system in the next section, is also of interest. The spacetime solu- 
tion is easily obtained using the S-duality of the supergravity equations of motion, under 
which qb 1/(75, lengths are rescaledS by a factor of ^/g^ and the integer NS charges 
(Qi, Qg", Q'^) become integer RR charges which we continue to denote (Qi, ^ Q^)- The 
relations (|2.15|) become 



1 / gs QtgBQ^ 



y gsQt + 9bQ5 

1 



R± = 1^\^9bQ^ (2.17) 
L = 



9BQt9BQ5 \j9BQt + 9bQ^ 

We have written the expression in a manner which emphasizes the fact that R±, L and 
are finite in the Q — oo limit with gsQ held fixed. 



^ Since they are referred to the string tension. The fundamental and D-string tensions differ 
by a factor of qb, so a factor of ^/qb takes into account the change in conventions. 
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2.4- Chern- Simons terms and central charges 

The central charge of the spacetime conformal field theory can be computed from an 
analysis of the algebra of diffeomorphisms near the conformal boundary of AdSs ; the 
result is 

2^ (2.18) 



By dimensional reduction (in the NS background) we have 



m^Gf al \Qt + Qi 

and so 

^ = 6Qi#^ • (2.20) 

Similarly, the left and right SU{2) x SU(2) x U{1) isometries of S"^ x x yields a set of 
corresponding gauge fields from the Kaluza-Klein reduction of the metric and NS S-field. 
The action for these fields on AdS^ contains Chern-Simons terms. (The abelian Chern- 



Simons term is discussed in more depth in in section 9). The result is [|30|j31| , p2| , |33|j3^ , p5| : 



IQttG^ - - (2.21) 

^ I Tr{AldAl + lAf) + A,dA,] -{L^R) 

where A"^ ^ are the gauge fields in AdS^ that transform under left- and right-handed SU (2) 
isometries of S^, and A^ji are the corresponding U{1) gauge fields for S^. We have also 
included the 3d Einstein term, which can be written as a Chern-Simons form [RHl. These 



Chern-Simons terms enforce the integer quantization of the background charges Qi, . 

While we have isolated this apparently three-dimensional action for the bosonic modes 
of an AdS'i supergravity, it is important to note that the radii of are typically of the 
same order as the curvature radius of AdS^^, and set the scale of the masses of KK modes. 
There is no sense in which the bulk theory is effectively 2-M dimensional; the reason 
for exhibiting the Chern-Simons forms ( |2.21| ) is to manifest the central extensions of the 



various current algebras in the spacetime CFT. Indeed, the dual CFT contains left and 
right SU{2) x SU{2) x U{1) current algebras; the SU(2) current algebras are at levels 
k± = QiQf, possibly up to 0(1) corrections that are invisible in the classical supergravity 
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limit-El In the gauge field equations of motion (see for example [0), the Chern-Simons term 
gives mass to half of the components, such that their lowest modes have conformal weight 
(^Li^i?) = (I72) or (2, 1); the lowest modes of the other components are the 'singleton' 
modes of weight (1, 0) or (0, 1), dual to the respective (0, 1) and (1, 0) SU{2)xSU{2) x U{1) 
currents jL,R of the dual CFT via the usual boundary coupling 

f (AdR + ARjL). (2.22) 

JdAdSs ^ ' 

The spacetime supersymmetry of the background requires a supersymmetric comple- 
tion of this SU{2) X SU{2) x U{1) current algebra, and an action of two-dimensional 
conformal symmetry. The supersymmetry currents must transform as (|, |) under 
SU{2) X SU{2). The only known algebra with these properties is the large J\f — 4 su- 
perconformal algebra of |T^ with generators 



T ; G" ■ A\ , A'_ , U ■ Q" (2.23) 

where a = 0,1,2,3 and i = 1,2,3. The currents A_, and U are dual to the gauge 
fields A'^ , A~ , and A, respectively. The supersymmetry generated by relates the U(l) 
current f/ to a set of four free fermions Q", which are thus required for completion of the 
algebra. 

We will describe this large M = 4 algebra in more detail below in section 4. How- 
ever, at this point we wish to point out a surprise: In contrast to other supergravity 
backgrounds based on AdS^, the large N = A superalgebra does not have a realization 
as an Chern-Simons-type AdS^, supergravity — at least not an obvious one.i Extended 



AdSj, supergravities can be written as Chern-Simons theories with gauged super- 
group containing S'L(2, R)l,r factors for the isometries of AdS^, as well as factors for the 
gauged i?-symmetry (in this case (5't/(2)_|_ x SU{2)_)l^^). The unique supergroup with 
this bosonic subalgebra and fermionic generators transforming as (|, |) is the supergroup 
D(2, l\a). In AdS^ supergravities with A/" = 0, 1, 2, 3 or small N = A supersymmetry, there 
is a Chern-Simons action using the super-isometry group X; the superconformal algebra 
of the spacetime CFT is a Hamiltonian reduction of the affinization X imprinted on the 



The D-brane analysis of the next section provides evidence that there are no such 0(1) 
corrections. 

^ Thus providing another reason why ( |2.21| ) is not the whole story when we wish to compare 
the spacetime CFT with the effective supergravity theory. 
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boundary by Chern-Simons gauge transformations. However, the symmetry generators 
( p.23|) are not a Hamiltonian reduction of the currents of afEne D{2, l\a) (although ( |2.23| ) 
contains -D(2, 1|q;) as a subalgebra). 

In fact, it is easy to see that there is no finite dimensional super algebra that could 
serve as the basis for an AdSs supergravity corresponding to the large A/" = 4 algebra. Such 
an algebra would have to contain the -D(2, l\a) subalgebra generated by L±i, Lq, 6*^^/2' 
and A^'^. Adding the zero mode of the U{1) current, Uq, then requires us to add the 
fermion modes Q°Li/2 by supersymmetry. But then the anticommutator {Q" ^-1/2} 
includes A^'-^, and so on - we end up generating the entire large Af = A algebra. 

2.5. Moduli 

In this subsection we analyze the moduli of the solution. It turns out to be simplest 
to analyze the pure NS form of the solution. Since the action is even in RR fields, the 
linearized equations of motion which determine the number of massless moduli do not 
mix RR and NS fluctuations. Hence the two possible types of moduli can be analyzed 
separately. 

We begin with the NS fluctuations. 
1. The metric. The only possible scalar fluctuations of the metric are parameterized as 



ds^ = (-dt^ + idxif + {dx2f\ + ^ds'^iSl) + ^rfs2(S^) + [L + SLix^fidef 
X2 V / 47r^ 47r^ 

(2.24) 

where 5L{x) is a scalar depending only on the AdS^ coordinates. It is clear from the 
construction of the solution as a worldsheet CFT that the S'^ and AdS^ radii cannot 
be moduli because they appear as levels of WZW models. 

The dilaton. We also get a scalar (^(x), whose zero mode we have absorbed into the 
string coupling gs- However we have already seen in equation ( |2.15| ) or ( p.l7| ) that 



this is not a separate modulus, but rather is fixed in terms of the radius and the 
charges. A direct Kaluza-Klein reduction reveals a mass for fluctuations which change 
the sizes of the and radii (|J|) or ( |2Jl ). 

The NS B-field. Again there are no possible moduli here as the H fliixes are quantized. 



We should note, however, that ref. [39| shows that the Hamiltonian reduction of the affiniza- 
tion of D{2, Ija) leads to A-/. 
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Now we consider possible RR moduli in the IIA context in order to avoid subtleties 
related to the self-duality of the RR four-form C4 in the IIB description. The RR equations 
of motion following from ( p.5| ) are 



d*dCi + H A*{dC3- H ACi) ^0 (2.25) 

d*{dCs-H ACi)-dCsAH = . (2.26) 

Our ansatz is 

Ci = ci + ade (2.27) 

where ci is a 1-form on AdS^ and ci is a scalar on AdS^. Even though it is a gauge field 
and not a scalar we include ci at this point because it eats one of the scalars. We also take 

C:i = a+{x)uj+ + a-{x)uj- (2.28) 

where (y.± are scalars. Because of large C3 field gauge transformations, they are periodic 
scalars (more on this below). 

Choosing the orientation to be uq A Uj^ Au- Ad6 we obtain 



VV = 



d *3 dci -\- A-(- *3 ((ict-i- -|- A+ci) -f A_ *3 {da- + A_ci) = 
from (|2.25| ). Here V^a = *d* da /ujq. We also get 



(2.29) 



d *3 [daj^ -f A+ci) = 

c^*3 (rfa_ -f A_ci) = (2.30) 
(i(AoO") + L(A_(ia_|_ — A_|_(ia_) = 



from ( p.26|) . The third equation of (|2.30 ) freezes one linear combination of a± to equal a. 



We also recognize the other linear combination as the Goldstone boson eaten by ci. The 
remaining scalar a has mass 

ml = Q . (2.31) 

Hence there is one massless modulus in the RR sector. 
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2.6. Effects of the second modulus 

Now, let us consider effects associated with the second modulus. In type IIB setup 
with NS background, it corresponds to a combination of the axion field Co and the 4-form 
field. Expanding the 4-form field C4 in terms of ( |2.7| ), 



C4 = + Ad^ , (2.32) 

the charge quantization conditions in the RR sector 

[* {CqH - F3) - if a C4] = 

F3 = 



(2.33) 



are solved by 



A+a_ - A_a+ = \qLCq . (2.34) 



Prom ( |2.29| ), we learn that the linear combination A_|_a_|_ + A_a_ is proportional to a 
Goldstone mode for the gauge field ci for the IIA theory, (and J^i C2 for the IIB theory). 
The orthogonal combination — A_a_|_ + A_(_a_ is a modulus. From ( |2.34| ) when Cq is turned 
on we must also turn on the RR potential C4. If we set the Goldstone mode to zero then 
we may write 

C4 = %^ {-X_u+ Ad6 + X+u- A de) (2.35) 
Ao 



The only equation of motion that gets modified in the background ( p.34|) is the Einstein 



equation. Now, instead of ( p.l2|) , it gives: 



= Ixl (1 + (gBCof) 

\ (2.36) 



Evaluating the NS5-brane charges, cf. ( |2.13| ), 



H = Qt (2.37) 

Si 



we find a relation between and R± 



= 2ti^X±R\ 
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which together with (|2.36|) yields 



(2.38) 



Since the background iif-flux (|2.6| ) is stiU defined so that holds, we can use this 

equation to find the AdS radius, 



Finally, from the fundamental string charge quantization condition 



(2.39) 



J *{\rB\''H-CoFs)=QieT 



we find 



47t'^RIrLlXo\tb\'^ = Qi. 
Here tb is the complexified type IIB coupling 



(2.40) 



(2.41) 



TB=Co + 



le 



9B 



(2.42) 



evaluated at (/> = 0. This relation can be used to solve for the size of the S^. Thus, 
substituting ([QgD , (lOSp , and ([CTD , we find 



L = Qi 



(1 + {QBC^f) 



2\-7/4 



(2.43) 



which is similar to the previous expression, except for the last factor. 

To summarize, turning on the second (axion) modulus in our NS background modifies 
the expressions ( ^.ISj ) for the radii in the following way 



R± 

L 



(2.44) 



QtQ^\Qt + Q^ 



-7/4 
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These modifications leave the Brown-Henneaux central charge ( p.l8|) unchanged. It will 
be useful for later purposes to note that 



( 



2 

\T~B\ 



1 + {gBCoY = ( ^ ) . (2.45) 



2.7. Moduli space metric 



The metric on the moduli space is most easily computed for the case of RR charges, 
which may be obtained from ( |2.44| ) by S-duality. Quite generally, under S'L(2, 2) trans- 
formations we have 



B 



fli = fl^if I (2.46) 



L' = L 



( 



1/4 



It is convenient to write the answer in terms of qbQ which is held fixed in the classical 
limit of the RR background. One finds the simple Co-independent expressions 



27ry gBQt +9bQ5 
1 



R± = ^\j9BQi (2.47) 

^T^gBQi 



gBQtdBQ^ y gBQt + gBQ^ 

The moduli space metric follows from the kinetic terms of the three-dimensional low- 
energy effective action. These in turn descend from the ten-dimensional kinetic terms in 

(P)0 

j rfl°Xv/^(^^!^(7^ + 4(V</>)2)-7^(rfC'o)2-^(rfC'4)2) , (2.48) 
with the metric ansatz 



ds^ = e^^'^^gj^Jdx^'dx'' + e'^^^'^Rlds^iSl) + 6^^"=^ Rlds^ {S^_) + e'^'*'^''^ {dOf (2.49) 



In the ten-dimensional Einstein frame, the first three terms in this action can be written as 
f d^^X\/—q(7Z — tJ? '^-^ ) . Also, the contribution of the 4- form field d is best described in 

the T-dual type IIA theory, which automatically avoids subtleties related to self-duality. 
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corresponding to the modulus generated by taking the couphng gs gse^^^^ in ( |2.47| ) 
(together with a Weyl rescahng of g^^^). Using the S-dual of relation ( |2.34| ) to express C4 
in terms of Cq one finds, after some computation, the three-dimensional effective action 

27iV 



9l 



I <fx^^) (7^3 - 4(V(/>)2 - gle^'^{VCoY) (2.50) 



where V = An Ri^R^L is the internal volume. From this we can read off the moduli space 
metric 

^« = 7^^' ^ = Co + 2.51 

K^tY gs 

which is the hyperbolic metric on the upper half plane. Note that the r in ( |2.51|) is not 

the same as the ten-dimensional coupling tb- 

2.8. Speculations on the global structure of the moduli space 

We now consider the RR gauge transformations which preserve the IIB solution with 
NS-sector fluxes described in section 2.6, in equations ( p.32| )- (|2.45| ). The unbroken gauge 



group is generated by three types of transformations. First, there are SL{2, 2) transfor- 
mations 

aTB + b f Ff,\ f a b\ f Fs 



leaving C4 invariant. The background 3-fluxes break the S-duality group down to the 
group of transformations: 

with m G 2. 

Next there are small RR gauge transformations. Of these the only signiflcant ones are 
the shifts of C2 by exact forms. Only the combination R^ = dC4^ — C2H is gauge invariant, 
so in the presence of iif-flux small C2 gauge transformations acting by 

C2^C2 + d{xd9) (2.54) 

must be accompanied by 

a+ ^ a+- X+x 

(2.55) 

a- — > a_ — A_x 

Note that % G IR is an arbitrary real number. We deflne the Goldstone mode to be 

X+a+ + X-a- 

(PGB = 72 (2-56) 

^0 
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Then (|2.55|) shifts (pcB 4'gb — but leaves A_|_a_ — A_a_|_ and Cq invariant. FinaUy 



(2.57) 



there are large C field gauge transformations. These act by 

A_ 

a- — > a- H n_ 

Co Co 

where n± G 2 are independent integers. Defining 

C± := / C4 (2.58) 

they act by 

Ct Cf + n± (2.59) 

Note that these transformations are not all independent. For example, some transforma- 
tions of the type ( |2.57| ) are in fact of the form ( p.55|) . 

The transformations ( p.53|)(|2.55|) ( |2.57| ) generate a commutative group of unbroken 
gauge transformations. However, we must consider the subgroup of transformations which 
preserve the condition ( |2.34| ). The transformation of lengths under 5'L(2, 2) ( |2.46|) shows 
that 



(If) 



3/4 



(2.60) 



and hence the subgroup of transformations preserving ( |2.34| ) is determined from 

A+(«_ + ^n_) - A_(a+ + ^n+) = AqL C'^ (2.61) 

A little bit of algebra reveals that this is true iff 

Q+n_ - Q5 n+ = mQi . (2.62) 

Let us now introduce d := gcd{Q~^ ,Q'^) and := dQ"^. Moreover, we make the 1-1 
invertible change of variables: 



(2.63) 
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where 5"^ are integers with S-Q'^ — S'+Qg = d. The parameter n is equivalent to a smaU 



gauge transformation (|2.55| ) and hence can be dropped. If we fix the gauge by setting 
(pGB = then the unbroken symmetry group is 2, generated by (n_(_ = 1, n_ = 0) (which 
must be accompanied by a smaU gauge transformation x to preserve the gauge condition 

(t>GB=0). 

The resulting unbroken gauge transformations are much more simply expressed in the 
iS-dual background related hj tb ^ —1/tb- In this background ( |2.53|) is mapped to the 
usual RR shift symmetry Cq Cq — m. Henceforth we shall work in this S'-dual picture. 
In this picture the unbroken gauge group has a generator acting by 

Co ^ Co — d 

C+ ^ C+ + S+Qi (2.64) 
C4 — > C4 + S-Qi , 

The equivalence relation ( |2.64| ) is very much analogous to an identification of the 
moduli space in the D1-D5 system 0. Since we parametrize the moduli space by r, 
equation ( |2.51| ), we say that the moduli space is identified under shifts 3?r ^r + d. Note 
that d depends on the arithmetic of Qf. If Q^,Q^ are relatively prime, or have small 
common divisors, then the identification is by a distance of order qb- On the other hand, 
if = then d = Q'^ . In the scaling required for the supergravity limit this shift is 
very large, of order I/qb^ and the distance on moduli space is order 1. Such shifts mix 
up all orders of string perturbation theory, and our supergravity analysis cannot reliably 
conclude that (|2.64| ) is a symmetry of the exact theory.0 In principle it could be spoiled 
by D3 instantons, for example. Nevertheless we proceed in the rest of this subsection under 
the assumption that supergravity is indeed a reliable guide in this case. 

Apart from this RR shift symmetry, the U-duality group is generated by various 
'inversion' transformations: 

1 ) T-duality, which sends L 1/L, g g/L, and interchanges IIA/B; 

2 ) S-duality in IIB, which sends g ^ 1/g, L L/^/g, and interchanges NS and RR 
backgrounds; 

3 ) '9/11 flip', which sends L ^/Lg, g L^/^/^Vs type IIA. 

One easily checks that TFT = S, so essentially there is just T-duality and S-duality - the 
flip is just the image of S-duality in type IIA. Clearly T-duality interchanges momentum 
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This is why the title of our section contains the word "speculations." 
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and fundamental string winding on the circle in the NS background, but this interchanges 
IIA/B. In the IIB D-brane background, the equivalent operation is STF, which again 
interchanges IIA/B. Hence there is no inversion automorphism of the theory leaving the 
background charges fixed - the only candidate is S-duality, and that interchanges the RR 
and NS descriptions of the background. 

The only identification of the moduli space is thus the RR shift symmetry ( p.64|) . If 
we parametrize the modulus by r, equation ( p. 51 ), we find the fundamental domain of the 



moduli space is the strip in the upper half plane with 3?r G {—^d, ^d). 

The restricted scope of the U-duality group is quite different from the situation in 
the D1-D5 system on = K3 or T^. There it was found that all supergravities with 
the same value of the product = Q1Q5 of background charges were located in different 
cusps of the moduli space In particular, this allowed the symmetric product orbifold 
Sym^ {A4), which was naturally associated to the background with Q5 = 1, to be contin- 
uously connected to all other backgrounds with the same central charge. In the present 
case, all distinct sets of charges (Qi, Qg", Q5 ) lead to distinct, disconnected moduli spaces 
of theories. This leads to the possibility that symmetric product orbifolds will only lie 
on a subset of these moduli spaces of theories; for instance, they might not describe both 
and {QijpQbjpQ^), which are backgrounds having the same central charge 
in the spacetime CFT but lying on disconnected moduli spaces. 

2.9. Regions of the moduli space 

We now turn to a discussion of the various regions of the moduli space. Different 
low-energy descriptions are appropriate in different regions. To fix notation, let us refer 
all quantities to the IIB RR background, via the appropriate dualities. In that frame, the 
moduli space is the strip in the UHP |3?r| < ^d. Weakly coupled IIB string theory is 
appropriate as we move up into the cusp of the moduli space at large Qr. The cycle sizes 
and curvature radii are not too small provided i, R±, L > 1 in string units; for instance 
we want gsQf > 1- If this is not true, then we are in a regime of weak coupling of the 
dual CFT (just like QbQs < 1 is weak coupling for A/" = 4 super Yang-Mills), and the 
geometrical interpretation of the target breaks down. Thus, the region far up in the cusp 
is the perturbative regime of the spacetime CFT. 

From equations ( |2.47| ) and their various duals, e.g. ( p.44| ), we have the following criteria 
to impose: 

1) If > 1 we should S-dualize to the NSB description. 
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2) If L < 1 we should T-dualize the to type IIA. This wiU be the F1-NS5A-NS5A' 
background if we arrive from the NSB description, otherwise we arrive from RRB and 
get D2-D4-D4'. Referred to the RRB background, the condition to T-duahze is 

Qi 



3/2 ^ 

9b > 



QtQ5jQt + Q5 



(2.65) 



3) If the IIA coupling becomes strong, we go to M-theory with the charges M2-M5-M5' 
Referred back to the RRB frame, the condition is 

Qi 



9b > 



(2.66) 



QtQ5\/Qt + Q6 

(note that the RHS is the same as in ( |2.65| )). 
Note that the natural boundary at 53r = is arrived at from an effective M-theory de- 
scription. In the M-theory description, the RR axion has transformed into the shear of the 
comprised of the and the M-theory circle. 

To summarize: The cusp region is the weakly coupled dual CFT. Coming down from 
the cusp, we encounter RRB sugra. Then, depending on whether (1) or (2) is satisfied 
first, we go to either (a) NSB supergravity, then NSA after T-duality, then M-theory; or 
(b) RRA supergravity by T-duality, then M-theory. A sketch of the first possibility is given 
in figure 1. 

Al/g 



Pertuibati 


re CFT 


RRB 


. 1 


NSB 




NSA 


singular 1 


M-theory 


DCUS 



-d/2 



d/2 



C 



Figure 1. Sketch of the moduli space, and the regimes in which various low energy 
descriptions are valid. The dashed line is the singular locus, where a long string contin- 
uum appears (see section 2.10). The line C = d/2 is argued to be the location of the sym- 
metric product orbifolds. 
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The region of RRB supergravity can be vanishingly small if e.g. Qf are small. How- 



ever, there will be a regime described by the perturbative string formalism of [^ P,|9|] for 
qb > ^ (recall we are referring everything to the RR duality frame), although it may only 
involve type IIA. 

The dual CFT is typically perturbative up in the cusp. In the D1-D5 and related 
systems, the dual CFT had a description as a symmetric orbifold along a line 3?r = ^ in a 
duality frame where the background charges were RR and Q5 = 1 . Below we will argue 
that similarly, there is a symmetric product orbifold when one of the fivebrane charges is 
one, say Q'^ = 1; and then the orbifold line is 9ftr = |. 



The perturbative string description of [40| is only equipped to handle backgrounds 



with vanishing RR potentials, i.e. = 0. The spacetime CFT is actually singular on this 
subspace of the moduli space. We now turn to a discussion of this phenomenon. 

2.10. Long strings and singular CFT's 

A common feature of conformal field theories dual to AdS^^ string backgrounds is that, 
in certain regions of the moduli space, they exhibit a continuum of states above a gap Aq. 
The continuum is associated to the appearance of a new branch of the configuration space 
where the onebrane-fivebrane ensemble can fragment into separate pieces [11,5^,0. The 



new branches of the configuration space describe separating clusters of onebranes and 
fivebranes, often called 'long strings', since they are codimension one objects in AdS^ 
whose proper length grows to infinity as they approach the AdS^^ boundary. 

Typically one thinks of the spacetime CFT dual to AdS^ as the Higgs branch of the 
onebrane-fivebrane system, where the onebranes are dissolved in the fivebranes as finite- 
size instantons. For instance, in the D1-D5 system, the CFT is the sigma model on the 
moduli space of instantons on or (see e.g. [^,[^,^ ^ , |4^ for reviews and further 



references). In this dual CFT, the new branches of the configuration space are Coulomb 
branches, where some number of instantons shrink to zero size 0. Whereas the instanton 
of non-zero size gives a potential for the coordinates of the dissolved string in the directions 
transverse to the fivebrane, the zero-size instanton string allows these fields to turn on, so 
that the string moves away from the fivebrane background (out to the boundary of AdS^). 

In either description, long strings or zero-size instantons, the appearance of the con- 
tinuum results in singularities in correlation functions. The singularity arises only when 
strings can become infinitely long at finite energy cost (or correspondingly instantons can 
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shrink to exactly zero size). This is not aUowed at generic points on the moduh space, 
typicaUy only when the RR potentials vanish. 

In the NS duality frame, the tension of a long string receives compensating contri- 
butions from the tension of a fundmental string (determined e.g. from the Nambu-Goto 
action) and from the background B field (the Wess-Zumino term in the AdS^ = SL{2, R) 
sigma model). We choose global coordinates for AdS^: 

ds^ = f{-cosh^pdt^ + sinh^pdcf? + dp^) (2.67) 

and we choose the duality frame with NS fluxes turned on so that 

H = XqUo = ^XQfsinh{2p)dt A # A rfp . (2.68) 

Consider a string at fixed p, with a worldsheet that spans a time At. The action 
consists of two pieces 

^ = ^NG - Swz = y -2% Jb ; (2.69) 

we define q (following |^) to be the ratio Sy^z/S^G as p — oo. Thus, (l — q) measures the 
coefficient of a "cosmological term" ~ e'^^ giving the energy cost per unit proper length of 
the string. When g 7^ 1, it costs infinite energy to take the string to the boundary of AdS^ 
and so it is effectively bound to the system. There is no continuum in the spectrum. 
In our conventions, 

^NG = 27r=^£=^ sinh(2p) At . (2.70) 
Next we choose a gauge B = ^Xoi'^coshlpdtdcj), so that 

S^z = ^Ao£^(27r)2cosh(2p) At . (2.71) 



Using the Einstein equation (|2.36|) we compute 



, = limf5:^ = iv=-L-f = ^=4= (2.72) 

-^NG 2 9B\rB\ y/1 + {gBCoY 

We thus conclude that the singular locus on moduli space is at Co = 0, the positive 
imaginary axis for r. 

The energy cost of a long string is related to the change of the central charge ( |2.20| ) 
resulting from pulling it completely out of the background. The difference in the ground 
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state (Casimir) energies is given by the change in the central charge as 5h = — 5c/24. One 
finds the gap Aq to the continuum of long string states 

Ao = = ^ ^/^^ ^ (2.73) 

4(g+ + Q5-) 

associated to pulling out a onebrane. 

Long strings can also carry non-zero fivebrane charge - strings in AdS^ can be obtained 
by wrapping fivebranes over S\ x or S"?. x S^. We have computed q for these strings. 
This is a more difficult computation, but it does indicate that sometimes these strings can 
produce singularities, again on the locus of vanishing Cq. As the details would take us 
somewhat far afield we do not include them here. 



3. Relation to intersecting D-branes 

Anti-de Sitter backgrounds are often realized as near-horizon limits of the geometry 
surrounding intersecting brane sources. In this section we study the geometries surrounding 
intersecting brane configurations that are expected to exhibit large A/" = 4 supersymmetry 
in their infrared dynamics. While we have not found a brane configuration with all the 
desired properties, we discuss three different ones which exhibit different aspects of the 
dynamics: 

1. The collection of branes in IR^'^ 

Qi Dl branes along x*^, 

D 5 branes along a;°, x^, x^,..., x^ (3-1) 
D5' branes along x^, x^, . . . , x^ 

preserves 1/8 supersymmetry, and has near-horizon geometry 

AdS^ X X X IR . (3.2) 

There are thus strong reasons to believe that the IR theory has large A/" = 4 super- 
symmetry. However, what sort of dynamics describes the intersecting fivebranes is 
not understood, and it is not clear how to implement a compactification of IR to S^. 

2. For Qg" = Q^, the locus of fivebrane sources above can be deformed to a special 
Lagrangian 4- manifold M. C IR^; the two sets of intersecting branes deforms to a 
single set of branes, much as in [^. The SO{4) x SO{4) symmetry of the branes in 
(1) is broken to the diagonal SO {4). The near- horizon geometry is still ( p.2| ), but the 
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fivebrane dynamics in the IR appears to be a more conventional UlQ^) gauge theory; 
the addition of onebranes dissolved in the fivebranes should be described as the Higgs 
branch of the corresponding D1-D5 system. 
3. While this second configuration points toward the appropriate IR dynamics (for Q'^ = 
Q^), in the near-horizon geometry the fivebranes are wrapping xH and not S'^ x S^. 
To find the latter, we can change the setup somewhat and consider Q'^ fivebranes 
wrapping a special Lagrangian S"^ supported by units of three-form fiux. The 
remaining directions on these branes can be taken to be IR^'^ x S^. As we will see 
below, there are good reasons to expect that with onebranes along IR^'^ included, the 
geometry in the infrared fiows to a theory with large A/" = 4 supersymmetry; and at 
the same time, the dynamics is that of the onebranes dissolved in the fivebranes - a 
sigma model on the moduli space of instantons on x S^. 
We will now describe each of these brane configurations in more detail. 

First consider the configuration (|3.1|) of fiat branes intersecting in flat spacetime. Each 
of these D-branes is invariant under half of the supersymmetries, and altogether the D- 
branes preserve only | x 32 = 4 supersymmetries. Hence, the two-dimensional field theory 
on the Dl-branes has A/" = (0,4) supersymmetry. The D-brane configuration (|3.1|) breaks 
the Lorentz group 5'0(1,9) to the subgroup 

SO{l, l)o5 X [SU{2)l X 5C/(2)fl],234 X [SU{2)l x 5C/(2)fl]g,sg . (3.3) 

The SU{2) factors in this symmetry group play the role of the /^-symmetry in the effective 
two-dimensional field theory on the intersection. 

The 05 field theory on the world- volume of intersecting D-branes is composed of 11, 15, 
15' and 55' string states, which form complete representations under the unbroken symme- 



try group (|3.3|) . Among various states, the 15 and 15' strings are in a chiral representation 
of the rotational /^-symmetry and contribute to an i?-charge anomaly. Since the 15 (15') 
fermions are invariant under [SU (2) ^ x SU (2)i^]i234 (respectively [SU (2) ^ x SU {2) , 
the computation of this contribution to the anomaly is exactly as in the standard D1-D5 
system. Specifically, one has 

kl = Q^Q+ , k+ = -Q^Q+ , fc" = Q^Q^ , fc" = ~Q^Q^ . (3.4) 

At the IR fixed point, the theory must have Af = (0,4) supersymmetry; (0,4) supersym- 
metry implies at least one of the SU{2) /^-symmetries must become an SU{2) current 
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algebra. However both right-moving SU{2) i?- symmetries are on the same footing. In 
other words, we have at least the large A/" = 4 supersymmetry algebra on the right. The 
large A/" = 4 supersymmetry algebra has the four supercharges transforming as ^) under 
two SU{2) i?-symmetry currents. We will describe this algebra in the next section. Here 
we simply note that the SU{2) x SU{2) currents have central extensions = ~QiQ^ 
and k]^ = —QiQ^, and the large Af = 4 superalgebra with these two -R-currents indeed 
has conformal central charge ( p.20| ).lli 

In the 55' spectrum, since there are 8 DN directions the ground state energy in the NS 
sector is +1 and there are no massless bosons. In the R sector, the fermions are periodic in 
the two NN directions so there are fermion zero modes i/j^ and ijj^. The ground state is then 
in the (—^; 0,0; 0,0) representation of these zero modes, which is a trivial (left-moving) 
representation of the right moving superalgebra. There is a non-trivial contribution to the 
central charge 

CL-CR= IQ+Q^ . (3.5) 

On the other hand, the supergravity background seems to respect A/" = 4 supersymmetry 
of both chiralities on the AdSs boundary. One way to accomodate these facts is to suppose 
that these i?-invariant 55' fields decouple, becoming free fermions in the IR, and that the 
remaining theory has its symmetry enhanced to a large A/" = (4, 4) superconformal algebra 
(the 55' fields cannot be fit into a representation of the large Af = (4, 4) algebra). It would 
certainly be helpful to understand this issue better, but for now we are going to ignore 
these fermionic 'singleton' modes, and assume that the infrared theory has large Af = (4, 4) 
superconformal symmetry. 

To describe the supergravity solution corresponding to this configuration of branes. 



we begin with the geometry of fivebranes intersecting over a string 



ds"^ = (detU) {—dt^ -|- dx\) -|- Uijdxi ■ dxj 
Fs = *^dUii + *ydU22 (3-6) 
e'^ = ^7B(dett/)-'/' . 



Here C/ is a 2 x 2 symmetric matrix, whose entries are harmonic functions of the coordinates 
Xi = (x, y) on the IR^ = IR^ x IR^, and *x denotes the Hodge dual on IR^ parametrized by 
the 4-vectors x = {x^ , x'^ , x^ , x^) (similarly, *y is the Hodge dual my = {x^ , x"^ , x^ , x^)) . 



13 



In particular, we see that there are no 0{h) corrections to the central extensions. 
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We will in fact consider a slight generalization the geometry, in which the branes 
intersect at angles; this will be useful below when we describe the deformation to fivebranes 
wrapping a special Lagrangian submanifold. Thus, we rotate the D5'-branes by an angle 
'd in every two-plane — x^^^: 

D5 branes : 056789 , . 

D5' branes : 05 [16] ^[27] ^[38] ^[49]^ . ^ ' 

This configuration of intersecting fivebranes preserves 3/16 of the original supersymmetry 
and, as will be shown below, leads to the same near-horizon geometry for any value 
of d. Therefore, all such theories are expected to have the same IR physics, described by 
a CFT with large Af = (4, 4) superconformal symmetry.0 

For fivebranes at the special angles ( |3.71 ), the IIB supergravity solution has the form 



9BQt_ 







U = [/(°°) + \ r,- ] ■ (3-8) 

' ^ 

y 

Since constant terms are omitted in the near-horizon limit, this is the first indication that 
the near-horizon geometry of this intersecting D-brane configuration is the same for any 
value of 7^ 0. Explicitly, the rotation angle "d is given in terms of uj;°°^ by 

cos^? = ^ (3.9) 

We may restrict to be such that dett/(°°) = 1. Specifically, we choose [7^°°) to 

be 

jjioo) ^ f cosha sinha \ 

y sinho; cosha J ' 

Then, from (3^) one finds a relation between a and the rotation angle 'd: 



cost? = — tanha . (3-11) 



^'^ One can check, using the representation theory that we will introduce in the next section, 
that the symmetries preserved by the deformation guarantee that it represents an irrelevant de- 
formation of the infrared physics. 
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Now let us include Dl-branes smeared in the directions a;^'^'^'^ and x^'^'^'^. This will 
further break the supersymmetry from 3/16 to 1/16, unless "i? = where we preserve 1/8. 
The complete supergravity solution looks like (in string frame): 



VdetU 



VdetU 



VdetU 



dx ■ dy 



Fs =dtAdx5Ad{H['^'^H[ ^ 
1 detU 



+ *xdUii + *ydU22 



(3.12) 



where 



(+) 



1 + 



gsqi 



(-) 



1 + 



9Bqi 



(3.13) 



Notice, that since Dl-branes are smeared along four spatial directions, these harmonic 
functions exhibit the same radial dependence as the fivebrane harmonic functions ( |3.8|) . 
The parameter qi is the density of onebrane charge along the fivebrane. 

Now we are in a position to take the near-horizon limit of the solution ( |3.12| ) with the 
matrix U given by ( |3.8| ), (|3.10| ). Omitting constant terms in the harmonic functions, we 



find the near- horizon limit of the metric (|3.12|) : 



ds' 



2 2 

x^y^ 



{-dt^+dxl)+gnJ^{^+nl)+gsq^^^ (3.14) 



9lqi\/QtQ5 



Q 



By a change of variables. 



u = xy \ Or — 



-1/2 



-1/4 



Qt + 



-Q^\ogx + Qr^ logy 



(3.15) 



we can write the near- horizon metric in the form (|2.8|) : 



ds' 



"^ds^iAdSs) + R^+ds^{Sl) + R±ds^{St) + L\de) 



,2/03 



2/03 



(3.16) 
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where 

f-^ = 9Bqi 




(3.17) 



= qi9B ■ 

Note especially that in the near-horizon geometry obtained from the intersecting branes, 
the coordinate 9 is non-compact; the near-horizon geometry is AdS^ x S"^ x S"^ x M. 

This near-horizon geometry can formally be further compactified using a new isometry 
that only appears after taking the near-horizon limit. Namely, following [110], we observe 



that X e x,y e y, is a symmetry of ( |3.14D for any real number h. If we take a 
quotient by 2 with the generator acting as a; ^ e~^*x,y e^*y with 



and make a Weyl rescahng of ( ^TsD by {2n)'^qi/ y Q'^Q'^ then we obtain AdSs x x x S^. 
Note, however, that this orbifold action relates points nonperturbatively far apart. Thus, 
the relevance of this orbifold action is open to question. It is certainly not a symmetry of 
the full string theory of the intersecting branes (|3.1| ) . 

The AdSs x S"^ x S"^ x supergravity solution of the previous section is more con- 
ventionally related to the brane construction above, if in the former we take the limit 
Qi, L — > oo, with qb, Qf and qi ~ Qi/L fixed; then we obtain the near-horizon geometry 
( ^.16| ). In order to find the relation between various parameters, one can e.g. compute the 
Brown-Henneaux central charge ( |2.18| ) - ( |2.19| ) using ( |3.17| ). This gives 

Qi = ^\/QtQ5 (3-19) 
which, after substituting it back into (|3.17|) , leads to the expressions (|2.17|) found in the 



previous section. 

While useful for illustrating geometrically the appearance of large TV = 4 supersym- 
metry in the near- horizon limit of branes, the above intersecting brane configuration is 
somewhat less useful for illuminating the nature of the dual CFT, since the dynamics of 
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fivebranes intersecting over a string is poorly understood. To shed some light on this side of 
the duality, we can deform the above brane configuration, simplifying the brane dynamics 
at the cost of breaking some of the symmetry. The deformation involved is expected to be 
irrelevant, so that we should still recover large A/" = 4 supersymmetry in the infrared. 

The deformation we wish to consider is only allowed for = = Q5', we will also 
take the angle "i? to have the value i} = it/A. Then, the D5-branes and D5'-branes can join 
together to form a single set of Q5 D5-branes along a smooth 4-manifold Ai C IR^. In 
order to preserve supersymmetry, A4 must be a calibrated submanifold inside IR^. Namely, 
the 4-manifold M. must be a special Lagrangian submanifold inside (D* = M^. Fortunately, 
the explicit geometry of a special Lagrangian submanifold in (D^ with the right properties 
was found by Harvey and Lawson |^7|| . 

D5' 






.1,2,3,4 



a) 



b) 



.6,7,8,9 



Figure 2. Intersection of special Lagrangian D5-branes (a) and its non-singular de- 
formation (h). 



As before, let us represent 



^ IR^ X 



(3.20) 



where each copy of IR^ is parametrized by the 4- vectors x and y. Then, the explicit form 
of the special Lagrangian 4-manifold Ad is given by a set of points in = IR^ x M^, which 



satisfy the following conditions P7|| : 



fI \y\ 



(3.21) 



where x = \x\, y = \y\. In other words, M. is a, cohomogeneity one submanifold in 
= X M^, represented by a graph of the function 



xyix^ - y" 



(3.22) 
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Note that the Lagrangian submanifold Ai has topology 



X ^ IR X (3.23) 

where the radius of the 3-sphere is determined by the (real) deformation parameter p, cf. 

In the limit p ^ the Lagrangian submanifold ( |3.21|) degenerates into a union of two 
4-planes 

A^sing = U (3.24) 



and we recover the geometry of intersecting fivebranes (|3.7| ), see Figure 2a. On the other 
hand, when p 7^ 0, is a smooth 4-manifold with topology ( p.23|) , which is asymptotic 



to the union of planes (|3.24|) . 

For generic values of p, the Lagrangian submanifold Ai is invariant under the sym- 
metry group, 

[SU{2)l X SU{2)r]o C [SU{2)l x SU{2)r\,^^^ x [SU{2)l x SU{2)r]q,^, (3.25) 



which is a diagonal subgroup of the /^-symmetry group ( p.3|) . The undeformed rotated 
brane source (|3.7|) has the same symmetry. Nevertheless, the near- horizon geometry ( |3.16| ) 
of the latter is clearly invariant under the full symmetry group on the RHS of ( |3.25| ); the 
symmetry breaking to the diagonal is an irrelevant perturbation in the infrared limit. We 
expect the curved geometry of fivebranes located along Ai also to fiow to one with the 
SU{2)'^ isometry of ( |3.2|) . The RG fiows considered in might be relevant to a further 
study of this issue. 

Such a configuration, with D5 and D5' branes joined in a single smooth manifold Ai, 
admits a Higgs branch where Dl-branes are realized as instantons in the D5-brane. In 
fact, this branch is very similar to the Higgs branch in the ordinary D1-D5 system, where 
D5-branes are wrapped on a 4-manifold 7V1 = T"^ or K3. In the present case, on a single 
fivebrane the vevs of the scalar fields in the 1-5 string sector parametrize a 4-manifold Ai 
with the topology of S'^ x IR, so that the geometry of the Higgs branch is given by the 
symmetric product of this space, 

Sym^iM) (3.26) 

where, roughly speaking, one can interpret the coordinates on this moduli space as pa- 
rameters of the Dl-brane instantons on the D5-brane. Unfortunately, because the space 
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wrapped by the fivebrane is non-compact, a duality between this Higgs branch sigma model 
and supergravity can only take place at = oo. 

As mentioned in the beginning of this section, a rather different approach using in- 
tersecting branes considers the onebrane-fivebrane system wrapping a special Lagrangian 
S"^. This approach does allow us to compactify IR to S^. The low-energy gauge theory 
of = Qs fivebranes wrapping a special Lagrangian S"^ was considered in [13-16|,|^. In 



this theory, the k = Q'^ units of three-form flux through the S'^ wrapped by the flvebranes 
appears in the effective gauge dynamics through a Chern-Simons term, which is most easily 
seen using the RR background frame 



167r3 



[ C2ATr[FAF] = --^ / FsATT[AdA+^A^] = I Tr[Ac^A-ff A^] . 

(3.27) 

Dual supergravity solutions p!^ , |l4| , p!5| , |T6| , ^ have been considered in the NS background 
frame (appropriate to the strong coupling gauge theory that appears in the IR of the D- 
brane gauge theory). A solution with Qs = Qg, which preserves 1/16 supersymmetry and 
SU{2Y symmetry, was found in [p!3[] : 

ds'^ = + dr'^ + ^rdOg^ y + ^ d^lj^ 

e2</' = ^2^-2^/4 (3.28) 
-fi" = [cr2 A as A z^i + (Js A (Ji A z/2 + o"! A a2 A z^s] + |z^i A z^2 A z^3 . 

Here Ua (tOa) are the left-invariant one-forms on S| (Sj^), and Ua = Ua — \^a- 

It was demonstrated in [|5^ that the effective 2+ld gauge theory obtained by KK 



reduction on S| spontaneously breaks supersymmetry unless \k\ > Nx^ In |[T^] it was 
argued that for k N {i.e. ^ Q5), one needs to introduce explicit sources for the 
three-form fleld strength corresponding to the flvebranes wrapping Sj^, and their effects 
are crucial for determining the IR dynamics of the theory. Once again, we suffer from 
our lack of understanding of the dynamics of intersecting flvebranes. However, for equal 
flvebrane charges it appears that the effects of one set of flvebranes is taken into account 
through the background three-form flux, and the Chern-Simons term ( p.27| ) it induces on 
the other set of flvebranes. 



This phenomenon is famiUar in the context of supersymetric gauge theories, such as TV = 1 
super- Yang-Mills in four dimensions, where a similar argument can be used to show that the 



number of BPS domain walls in a U{N) gauge theory is conserved modulo [51|. 



32 



The geometry ( 3.28 ) is quite similar to the throat geometry of NS5-branes in flat 
space; an IR^ parallel to the brane has been replaced by an S"^ whose warp factor is power 
law in r. By the UV/IR relation of fivebrane holography, this variation in the size of 
the is logarithmic in the energy scale. Thus, we expect the addition of onebranes to 
the background to be essentially the same as adding them to fivebranes in flat space, 
up to additional logarithmic warping. Let us compactify IR^'^ to IR^'^ x S^, and put 
onebrane sources along IR^'^, parametrized by (i, X5) in keeping with previous notation. 
The expected form of the metric is then 

ds^ = hi{r)e^''{-dt^ + dxl) + h2{r)de^ + hs{r)dr^ + h^{r)dnl^^ + h^{r)dVtl^ (3.29) 

with hi{r) having at most polynomial growth at large r (similarly, one expects the dilaton cj) 
to vary logarithmically in r). Constant hi and dilaton cf) corresponds to AdS^ x S"^ x S"^ x S^, 
and logarithmic (in energy) dependence of the geometry would correspond to the RG flow 
of the dual sigma model toward an infrared CFT. 

One might then look for instanton solutions to the gauge theory compactifled on 
S"^ X S^, and propose that the CFT we are interested in is a sigma model on the instanton 
moduli space, that represents the small fluctuations around these conflgurations.0 This 
is the standard logic by which one motivates the sigma models in the hyperkahler cases 
of flvebranes wrapping T'^ or K?, (see for examples P^,p|,|3|, |i3| , P| for a discussion), and we 
propose that it can be adapted to the case of S'^ x S^. 



4. The superconformal algebra and its representations 

The superconformal symmetry of the spacetime CFT for AdS^ x S"^ x S"^ x con- 
sists of left and right copies of the two-dimensional large A/" = 4 supersymmetry algebra, 
denoted A-y []T^. In this section we review some of the properties of this algebra and its 
representations. 



The Chern-Simons term will not affect the solution of the Yang-Mills equations on x S^; 
it will, however, generate additional couplings in the sigma model obtained by expanding around 
the instanton solutions. 
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4.1. The superconformal algebra 

Apart from the usual Virasoro algebra, the large A/" = 4 superconformal algebra Aj 
contains two copies of the affine SU{2) Lie algebras, at the levels and respectively. 
The relation between and the parameter 7 is 

7 = —^^ • (4.1) 

Unitarity implies that the Virasoro central charge is: 

Qk+k- 

The superconformal algebra A^ is generated by six affine SU{2) generators 
four dimension 3/2 supersymmetry generators G"'{z), four dimension 1/2 fields Q"'{z), 
a dimension 1 field U{z), and the Virasoro current T{z). The OPEs with the Virasoro 



generators, T^, have the usual form. The remaining OPEs are [|T8| , |5^ : 

2c (J"'' 8-fa+;'A+''{w) + 8(1 - 'y)aj' A-''{w) 



G''{z)G''{w) 



3 {z — w)^ {z — w)"^ 

4-fa^^'dA+''{w) + 4(1 - -f)aj'dA-''{w) 25''^L{w) 
z — w z — w 



^ ^ (A;+ + A;-)(2 - z-w 
2; — W 

z — w z — w 

— wj^ 

CK^^'* here are 4x4 matrices, which project onto (anti)self-dual tensors. Explicitly, 

"a&' SiaSbO =F SibSaO + Ciab) ■ (4.4) 
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They obey SO (4) commutation relations: 

[a^'\a^'^] = -e'^'^a^'' , [a+'\a-'^]=0 , {a^'\a^'^} = --6'^ . (4.5) 

It is sometimes useful to employ spinor notation, where for instance G"" = 7""G" 

(and 7"" are Dirac matrices); A"'"'* A"^ = r^^A"'"'* (where are Pauli matrices); 

so on. Our conventions are spelled out in appendix B. 

An important subalgebra of is denoted -D(2, l|a); here a = k~ /k~^ = It is 

generated (in the NS sector) by Lq, L±i, G"^^i^, and The superalgebra -D(2, l|a) x 

D(2, l|a) constitutes the super-isometries of AdS-^, x x S^. 

Yet another useful subalgebra of A^ is the M — 2 subalgebra generated by 



T, g+=iV2G++, g-=iV2G--, J = 2i[7A+'3-(l-7)A-'3] (4.6) 

where the supercurrents are written in spinor notation. For instance, it will be useful to 
consider the states that are chiral with respect to this M = 2. 

4.2. Examples of large M = A SCFT's 

The simplest example of a large A/" = 4 theory can be realized as a theory of a free 



boson, cj), and four Majorana fermions, i/'a: a = 0, . . . , 3. Specifically, we have 

V = id(\) . 

This theory was called the theory in Q, but we shall herein use the notation S for 
simple. In it was conjectured that in the case /c+ = k~ the boundary SCFT dual to 
type IIB string theory on AdSz x x S'^ x is a sigma-model based on the symmetric 
product orbifold of this c = 3 theory. 
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The CFT S belongs to a family of large Af = 4 theories, labeled by a non-negative 



integer number k 54,18 



T = - J° J° - - dtP^tP" 

K + 2 

y n + 2 iyj n + 2 

U = -v/^T2J° 



where J* denote SU{2) currents at level k and J'^{z)J^{w) ~ —^{z — w)~'^ . We shall 
denote these theories iS^. It is easy to check that ( [4 .81) indeed generate the large Af = 4 
algebra with = k + 1 and k~ = 1. In fact, the U{2) level k theory of []5^JT^] admits two 



distinct large Af = 4 algebras. The second algebra is obtained by the outer automorphism 
and has {k~^ = 1, k~ = k + 1): 

K + 2 

y K + Z oy K + z 

A-'^ = a-W + J^ (4.9) 

u = +V^^T2j^ 

Q" = -y/^T2ij'' 

The c = 3 CFT S = Sq appears as a special = 0. We will consider these simple 

large Af = 4 theories below in the context of symmetric product orbifolds as candidates 
for the spacetime CFT. 

Additional examples of large Af = 4 are provided by WZW coset models W x U{1), 
where W is a gauged WZW model associated to a quaternionic (Wolf) space. Examples 

based on classical groups are W = G/H = su{n-2^xU{i) ^ so{n-^4)xSU{2) ^ ^nd 
These theories carry large Af = 4 supersymmetry, with k~^ = k + 1 and k~ = cg; here k is 
the level of the bosonic current algebra for the group G and cq its dual Coxeter number. 
However, they are unsuitable as building blocks for a symmetric product orbifold dual to 
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supergravity. For example, any modulus associated to the RR axion would generically 
come from the component theory and not the twisted sector of the symmetric product, 
and would thus not deform the spectrum in the appropriate way as one moves from the 
orbifold locus to the supergravity regimeJll 

4.3. Unitary representations 

The unitary representations of the superconformal algebra A-y are labeled by the 
conformal dimension /i, by the SU{2) spins and by the U{1) charge u. The generic 
long or massive representation has no null vectors under the raising operators of the algebra. 
On the other hand, the highest weight states of short or massless representations 

have the null vector 



0% - ^ Q% ~ Q%)\n),, - . (4.10) 

(We have used the property that |fi)_4^ is a highest weight state for the SU (2) current alge- 
bras.) Squaring this null vector leads to a relation among the spins £^ and the conformal 
dimension h [|0|,|21|,|2],|ig 



= [k-t + k+r + (£+ - rf + u^) . (4.11) 

Unitarity demands that all representations, short or long, lie at or above this bound: h > 
hshoru and that the spins lie in the range = 0, ^, |(/c^ — 1). When we consider U{1) 
singlets, we shall denote representations by their labels (/i, £~); for short representations 
with w = it is sufficient to specify them simply by (£"*",£"). The representations of the 



spacetime SCFT can be obtained by combining left and right sectors. Following |]T^, we 
shall label such (short) representations by (£"'",£";£''",£ ). 

The conformal dimension of short representations is protected, as long as they do not 
combine into long ones. The highest weight components of operators in short representa- 
tions with = i~ form a ring. Their dimensions are additive, since h = = i~ . This 
ring is the chiral ring of the M = 2 subalgebra of A-y introduced in subsection 4.1. 



Also, the BPS spectrum of these theories does not seem to have the requisite properties. 
The BPS states are associated to the cohomology of W, which is in turn related to the elements 
of the Weyl group of affine G (related to the symmetric group). Instead, in order to match 
the structure of supergravity, one typically would want the cohomology to be associated to the 
conjugacy classes of the symmetric group, as in the orbifold cohomology of the symmetric product, 
whose cohomology matches supergravity in for example the D1-D5 system. 
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We will also be interested in the representations of the super-isometry group -D(2, l|a); 
for example, the normalizable wavefunctions on AdS^ x x lie in representations of 
D{2, l\a) X D{2, l\a). A short D (2, l\a) representation {£+,£-)s of D{2, l\a) has a highest 
weight vector \Q)d which obeys the condition 

^^+210)^ = (4.12) 

Long representations (£"*", have no such null vector in the action of G"i^^2- 

The base of a short representation (£+,£~)s of D{2,l\a) can be obtained by acting 
with G^^i/a: 



h (i^J-) 

h -\- 2 (-^^ 21 ^ 2) ^" 2 ' 2) (■^^ 2' ~^ 2- 

h+1 

h+l (£+_!,£-_!) 



(4.13) 



with the rest of the representation filled out by the action of L_i. We denote these 
short representations of -D(2, l\a) by {i~^,i~)s with lower case subscript s to distinguish 
them from short representations (£"*", £")§ of A^. These representations are smaller than 
the generic large -D(2, l|a) representation, due to the absence of a spin (£+ + + ^) 
component in -|^^2l^7 ^~)- Note that since take only non-negative values, short 
representations with < 1 have some of the components missing, see e.g. ||10|| and below. 

Squaring the null vector ( [1.1 2|) and using the algebra gives the BPS bound h = 
^"""fc+^fc-^"*" ■ Note that unless u = and = £~ the A-y and -D(2, l|a) BPS conditions 
are different. In particular, if w 7^ or 7^ then a BPS state in the A^ sense is not a 
BPS state in the -D(2, l\a) sense. In fact, by unitarity, if 7^ i~ then the representation 
{£~^,i~) of A^ cannot contain any BPS representations of -D(2, l|a)! 

The representations of A-y can however be decomposed into representations of 
D(2,l\a). Let p{i~^,£~,u) be a short representation of A^. Then, as a representation 
of -D(2, 1; a) p contains: 

a. ) All long -D(2, l\a) representations for w 7^ or for 7^ 

b. ) Exactly two short -D(2, l\a) representations for = £~ and u = 0. That is, 

pii, i, 0) = (£, £)s + (£ + i, £ + i)s + ■ ■ • (4.14) 

where all representations in ■ ■ ■ satisfy h > ^"""fc+^j^fc-^"*" • 
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Part (a) is trivial. From the bound we get the inequahty: 

{k+ + k-)h = k+e- + k-i+ + {£+ - rf + > k+r + k-i+ (4.15) 

We have also explained this in detail in comparing the highest weight conditions above. 
For part (b) we take the BPS highest weight state for A-y. Under the conditions of 

part (b) this is also a BPS highest weight state for D{2,l\a). We also have the state 

Q%\^)a, . (4.16) 
This is a descendent in the Ay representation, but since 



{^-1/2' ^-1/2} - 



(4.17) 



the state ( [4.16| ) is a BPS highest weight state for the D{2, 1; a) subalgebra. It generates the 



representation (£ + 1/2, £ + l/2)s- Finally, we must show there are no other short -D(2, l|a) 
highest weight vectors. The BPS bound is linear in h,£ and must be obtained from the 
Ay highest weight state by applying _i/2 and (5_|_ _i/2- Using (|4.17| ) above we see that 



the only state we can generate is the second one we have already accounted for. The two 
short representations in ( 4.14 ) are distinct from a long representation of D{2, l\a), even 



though they have the same spin content. 

4.4- The general structure of marginal deformations 

Our goal in this subsection is to identify the states in the spacetime CFT which 
correspond to moduli of the type IIB string theory on AdS^ x x x S^. Such states 
should have conformal dimensions (/i, h) = (1, 1) and must be SU{2) x SU{2) singlet 
components of short multiplets. Inspection of ( ^.13| ) shows that marginal deformations in 
the large A/" = 4 superconformal field theory come from upper components of the u = 
short multiplets (^, ^)s- These representations have the -D(2, l\a) structure 

h=- (-,-) 

h = l (0,0) (I'o) (0,1) 

Z,^ 3 /I IN (4.18) 

II' 2 V 2' 2^ 

h^2 (0,0) 

and so are even more truncated than the generic short representation. The spin (0, 0) state 
on the second level is dimension one and invariant under the SU{2) x SU{2) /^-symmetry; 
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acting by the raising operators G°^i2 gives only L_i descendants, as we will now show 
momentarily. 

First we note a very interesting consequence of the structure ( [4.18|) : there are no 
constraints on the number of moduli. This result should be compared with a similar 
situation in superconformal theories based on the small A/" = 4 algebra, where marginal 
deformations are also upper components of chiral primary states with (j, j) = (^, ^). 
However, in that case every short multiplet contains four singlet states with (/i, h) = (1, 1), 
namely, T"^ = G''_\G^f,^ ^, where a, b are custodial SU (2) indices. In particular, the 

2 2 "'^ 

number of massless moduli has to be a multiple of 4. 

A large A/" = 4 chiral primary with = i~ has the null vector ( |4.1UD , which may be 
written more invariantly, 

(a -^ai...a„) 



G = . (4.19) 

-i(a ai...a„) V ^ 



The candidate modulus operator is 



r = G^^,G!;$,^_, (4.20) 

where has (£"*", ,i ) = (i, i; i, i). We will for the remainder of the discussion 

suppress the anti-holomorphic structure, which will not be needed explicitly. Expanding 
in components, 

^^5$ . = G+t^"" +^17$++ -^+7$"+ -G':j$+- . (4.21) 

2 2 2 2 2 

The supercharge anticommutation relations and the nuUvector condition ( [4.19| ) then imply 

GttiG+^^-+ + G':j$+-) = {G+r, GlJ }$++ = -L_i$++ . (4.22) 

2 2 2 2 2 

Similarly, we have 

G+t{G+t^-- + ^17$++) = {G+t, ^17}$++ = ; (4.23) 

2 2 2 2 2 

putting it all together, we havelll 

G'^'l{G^_i<5^^) = 29$"^ . (4.25) 
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Similarly, one can show that 



2 



Git (G^^i <l>p0) = 2^>"" . (4.24) 



40 



Thus, while the candidate modulus is not the highest component of the supermultiplet 
based on it nevertheless varies into a total derivative under the action of the su- 

percharges and so its integral preserves all the supersymmetries. All that remains to be 
checked is that it preserves conformal invariance. A proof of conformal invariance to all 



orders in conformal perturbation theory, following [24], is given in Appendix A. 

As an aside, it is curious that it appears not to be possible to write this candidate 
modulus operator as an integral over even M = 1 superspace! In particular, we cannot 



directly use the results of Dixon on the marginality of /i = 1, A/" = 2 chiral operators. 



even though the lowest component of the multiplet is a chiral operator under the 
canonical J\f = 2 subalgebra of large Af = 4. The argument of uses the structure of 



Af = 2 chiral superspace integrals in an essential way. Fortunately, it is possible to adapt 
the analysis to fit the structure of large Af = 4. 

A key ingredient of the analysis of Appendix A is the demonstration that, in the 
partition function, one can replace the operator ( [4.201) by the operator 

t = (G+tG'^t<^,, , i + G-iG~^^__ __) + (G-TG^t^__ , ; + ^++^"7$ , , 

^ -r-r,-r-r _^ ^ , j y ^ ,-r-r _^ ^ -r-r, 



(4.26) 

which is a sum, in equal proportion, of a chiral and a twisted chiral modulus under the 
canonical Af = 2 algebra ([4.6D ; moreover, the chiral and twisted chiral moduli are real. If 
we were to give each term in ( [4.26| ) a different coefficient (compatible with hermiticity), 
we would explore the moduli space of an A/" = 2 superconformal theory. This theory 
is manifestly self-mirror. The large Af = 4 locus on this moduli space is thus the fixed 
point set under both the mirror map, and also the antiholomorphic involution of the Af = 2 
algebra.lll This rather constrains the geometry of the moduli space; it would be interesting 
if the structure of large Af = 4 could yield further information about this geometry. 

There is a universal (^, \ )s representation that canonically appears in the theory - 
the singleton bilinear UU . In the application to AdS^ x S'^ x S'^ x S^, it implements (among 
other things) a change in the boundary condition on the corresponding bulk gauge field 
1 55(1 . There is also a second modulus associated to the S^, the mode which corresponds to 



changing the radius in supergravity, the combination of the metric and dilaton found 
in equation ( |2.47|) . In general the structure is rather complicated, since these two moduli 



Note that this reduces a 4n dimensional moduli space to an n dimensional one. Again there 
is no constraint on n. 
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mix non-trivially. Conventionally, the singleton bilinear modulus is turned off, and only 
the supergraviton mode is considered. We will make the same restriction here. 

We are also expecting that the spacetime CFT contains another modulus, correspond- 
ing to the RR axion, as discussed in section 2. In symmetric products of the U{2) WZW 
model, we will find the corresponding marginal deformation in twisted sectors. 

4.5. Spectral flow 

Since the superconformal algebra ( |4.3| ) contains two copies of SU{2), there are several 
types of spectral flow one can consideiH. Following , let us call the corresponding 



parameters p and rj. Then, the relation between the generators looks like ^6 



TTP,V = 77 



(4.27) 



The Neveu-Schwarz sector corresponds to (p, r]) = (0,0), whereas the Ramond sector 
can be obtained by a spectral flow with p = 1,77 = or p = 0, rj = 1. From ( 4.27| ) one flnds 



the following relation between the conformal dimensions and other quantum numbers in 
the Ramond and Neveu-Schwarz sectors (note, that our transformations of ^^ differ from 
those given in 



hR = hNS -^%s + 



^R-^NS 2 (4.28) 

^R — ^NS 
Ur = UnS 

for the spectral flow in the SU{2)^. Similarly, for the spectral flow in the SU{2)~ , we have 

hR = - ^NS + 



'^R — *^NS 



^R ~ ^NS 2^ 
UR = UNS ■ 



1 (4.29) 



In the case = k , the superconformal algebra A-y has additional automorphisms, which 



we are not going to discuss here. 
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In particular, NS states saturating the BPS bound ( |4.11|) flow to R states with 

^« - 24 - k+ + k- ■ ^^-^^^ 

Note the rather pecuhar fact that the right-hand side is nonzero. Here again we see an 
important quahtative difference between the large A/" = 4 algebra and other superconformal 
algebras. 

The M = 2 subalgebra (^]^) leads to yet another version of spectral flow to a Ramond 
sector, with p = rj = 1/2. This leads to Ramond boundary conditions for the Af = 2 
currents = z-\/2G^^, but the boundary conditions on become fractionally moded 
(as do the raising and lowering operators A'^''^, i = ±, of the two SU{2ys). 

4-6. An index for theories with A-y symmetry 

When one is working with families of theories with Aj symmetry, as we are in the 
present paper, it is useful to know quantities which are invariant under deformations. The 
traditional elliptic genus does not provide useful information in the present context, but 
one can nevertheless deflne an index which summarizes some important information about 
the BPS spectrum of the theory and which remains invariant under deformations. In this 
section we briefly deflne such an index.li3 Further details and comments can be found in a 
companion paper ||2^ where we investigate this large A/" = 4 index in some detail. 



The representation content of a theory with A-y symmetry is summarized by the RR 
sector supercharacter: 



(4.31) 

Here and hereafter we denote z± = e^^*^± for left-movers and z± = e^'^'^'^^ for right-movers. 
The spectrum in other sectors can be obtained from ( [4.31| ) by spectral flow. 

Now (|4.31|) can be expanded in the supercharacters of the irreducible representations, 
deflned by 



SCh(p)(r,a;+,cc;_) = TTpq^''-'f''^zf^'\^J^'> "(-l)''^" (4.32) 
we just write SCh(p) when the arguments are understood. Explicit formulae for these 



characters have been derived by Peterson and Taormina. Using the formulae of |22 



one 



21 



For a related discussion see also [23|. 
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finds that short representations have a character with a first order zero at Zj^ =2-, while 
long representations have a character with a second order zero at 2+ = z-^ 

Thanks to the second order vanishing of the characters of long representations we can 
define the left-index of the CFT C by 



h{C) ■.= -z+- ^ 



dz. 



Z (4.33) 



Only short representations can contribute on the left. On the right, long representations 
might contribute. However, due to the constraint h~h = Omodl the right-moving confor- 
mal weights which do contribute are rigid, and hence Ii is a deformation invariant. 

Of course, one could also define a right-index. Since we will consider left-right sym- 
metric theories here this is redundant information. Nevertheless, it is often useful to define 
the left-right index: 

where one evaluates at z_ = z_ = 

4-7. Digression: Taking the tensor product of two large A/" = 4 algebras 

Although it is not directly used in the present paper, we would like to mention in 
this section on symmetry a curious behavior of these theories under the tensor product 
operation. Since the Virasoro central charge ( [4.2|) is nonlinear it is therefore not obvious 
how to take a tensor product of algebras A{k'^ , k^) with .4.(/c^, /c^). 

The tensor product formula is given as follows. Denote the generators of the two 
commuting Af = 4 algebras by G", G2, etc. Then we form: 

T = Ti+T2 + ^dipUi + qU2) 
A±'^ = A^'* + AJ'* (4.35) 
U = Ui + U2 



The fact that all characters vanish at Z-^ = z_ is a reflection of the fact that one can always 
make a GKO coset construction factoring out the free 5-theory defined by U, Q'^^ . The character 
of this theory has a first order zero. The characters of the quotient VF-algebra are nonvanishing 
for short representations, and have a first order zero for long representations. 
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where ki = kf -\-k~ , i = 1, 2. Moreover, this is the unique way of combining the generators 
to form a large A/" = 4 algebra. 
Remarks 

1. The computation of the AG commutator shows that one cannot give a Feigin-Fuks 
deformation of a single copy of the large A/" = 4 algebra, it is too rigid. This is actually 
a special case of (lOeDf^) with kf = 0. 

2. Note that p = q = when kf = \k^ . Thus, for example, in symmetric products the 
generators are simply made by direct sum. 

3. Given a large Af = 4 algebra one can form a small J\f = 4 algebra A = (L, G"", A'^) 
with c = 6k^ and 

k+ 

T = T+—dU 

\+ (4-38) 

G" = + 2— ag". 

k 

On the other hand, one can also form a small J\f — 4 algebra A = {L, G", A~) with 
c = 6k~ and 

k~ 

f^T-—dU 

^ _ (4.39) 

Qa ^Qa_ 2 — dQ''. 

k 

We find that A = Ai®A2 and A = Ai® A2 are small N = 4 algebras; and now note 
that p and q in ( |4.35|) have opposite signs. 

4. It is useful to state the combination rule in terms of an effective bosonizing field 
defined by 

U := ^dct> (4.40) 
Then when combining two algebras we have, by ( ^.35| ) 



12 := \l T^^(pi + \ T^^(p2 (4.41) 



ki + k2 \ ki + /c2 
The orthogonal linear combination is a linear-dilaton field 
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contributing to the stress tensor as 



T=-^W^)^ + %^a^0L + --- (4.43) 



where 



(4.44) 



Note the interesting fact that if we combine three theories then 

<5(12)3 ^ Ql(23) (4.45) 

So this operation of combining large N = 4 theories is nonassociativel 



5. Symmetric product CFT's with large = 4 

As we have mentioned, a natural candidate for the spacetime CFT dual is the sym- 
metric product of a simple CFT Sj^ with large J\f = A 

Sym^(5«) = (5«)^/5^ . (5.1) 

More precisely, we would like to explore the possibility that this symmetric product CFT is 
on the same moduli space as the supergravity regime of string theory on AdS^ 
the perturbative CFT regime and the supergravity regime are typically well-separated in 
the moduli space, as befits a strong-weak coupling duality. 

5.1. General structure of symmetric product orbifolds 

To begin, let us recall some of the features of symmetric product orbifolds that suggest 
their relation to supergravity. First and foremost is the match between the BPS spectra. 
We will discuss in detail this matching below, for specific examples related to AdS^ x S"^ x 
S'^ X S^. First let us discuss the common features of all such orbifolds. 

BPS states of an orbifold come from the ground states of twisted sectors. Twisted 
sectors are in one-to-one correspondence with the conjugacy classes of the orbifold group. 
In the case of the symmetric product orbifold, the conjugacy classes [^r] of e Sn can 
be decomposed into combinations of cyclic permutations, [g] = IK'^i)'"'; where (n) is a 
cycle of length n in S^. This carries the structure of a Fock space of identical particles, 
in that cycles of the same length are symmetrized over, and represent identical objects. 
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One is thus led to the idea that twist operators for single cycles create one-particle states 
from the CFT vacuum, and that twist operators containing several cycles correspond to 
multiparticle states. 

Of course, the notion of Fock space only makes sense at weak coupling, i.e. large N. 
Consider the twist operator for a cycle of length 

^h(l...n)h-^ (5.2) 

where <J(i,,,n) is the normalized twist operator permuting the first n copies of S, 

(^(l...n)^(l...n)) = 1 ■ (5-3) 

We will abbreviate cr(i...„) = an- If we then demand that On is unit normalized, we find 

A. = h ^^7''^' 1 ~ v/^^^ , N^oo (5.4) 
by elementary combinatorics. The operator product of twists obeys the selection rules 

(^mC^n ^^Ci^nWp] : P E { \m - Tl] + 1 , \m - Tl] + 3 , . . . , TTl + 71 - 1 } , (5.5) 

P 

and one can readily see that at large one has 



{OmOnOp)r^^^Cmnp (5.6) 

where the leading behavior of Cmnp is A^-independent. The Cmnp can be calculated 
using an application of the covering space method of [^^. This scaling is consistent with 
that of the string coupling in the NS background, ~ 1/Qi oc 1/c. Note the similarity 
to the large scaling of operator products in the AdS 5 /SYM duality 

When we apply an operator to one of the states of the symmetric product, say for 
instance the ground state of a cyclic twist, at large the result will be predominantly 
states in twisted sectors with two cycles (we assume that the second operator does not 
simply annihilate the first one) with coefficient 0{N^); there will also be a small admixture 
at order N~^^'^ of twist sectors of single cycles according to the interaction (|5.6|) . At large 
A^, the mixing of various twisted sectors is suppressed by N~^^'^ . Consequently, it is natural 
to identify the cycles of the symmetric orbifold as the analogue of single trace operators in 
gauge theory, which realize the single particle excitations of supergravity; we may regard 
the twist operators for cycles as the creation/annihilation operators for single particles. 
This structure will be important below in understanding the Hilbert space. 



23 



The discussion here parallels |57]. 
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5.2. Twist operators and moduli of the symmetric product 

As explained in section 4.4, the moduli are BPS states of the form (i, ^)s. Any large 
A/" = 4 theory contains at least one modulus, UU, which changes the radius of the U{1) 
in the algebra. In a symmetric product orbifold, this yields two moduli in the untwisted 
sector: UiUi, and | J2i Ui\'^ . The latter 'bi- singleton' perturbation does not correspond 
to a single particle operator in supergravity.B We then wish to identify the former with the 
combination of the dilaton operator and the radius deformation which is the modulus 
$5r of supergravity (see section 2.5). If a symmetric product is related to the spacetime 
CFT dual to supergravity, we need to find the second modulus corresponding to 3fJr in 
supergravity, equation (|2.51| ). A simple theory, such as any of the iS^ theories (^77|), ([4.9|), 
has no additional moduli beyond the universal one; any second modulus must come from 
twisted sectors of the symmetric product orbifold. 

In this subsection, we will construct not only this marginal twist operator, but also 
all the chiral twist operators of the symmetric product (that is, all the operators with 
h = = i~ and u = which are chiral under the M = 2 subalgebra of large M = 4). As 
discussed above, the single-particle chiral operators are built out of the more basic chiral 
twist operators for Z„ cyclic twists. 

In order to construct cyclic chiral twist fields in the symmetric product CFT ( |5.1|) , 
it is convenient to recall the properties of a generic symmetric product CFT based on 
Sym^ [Si^), where has central charge c.il Given an operator in with dimension Hq 
and i?-charge Rq, there is an operator in the 2^ twisted sector of 5^/2^ with dimension 
and -R-charge given by ||61|| : 



K = - + -^,'^ , Rn = Ro (5.7) 

71 24 n 

For example, if we apply this formula to the ground state /iq = -Ro = of the Neveu- 
Schwarz sector, we obtain a singlet state in the 2^ twisted sector with conformal dimension 

c f 1 



Vgd = ^(^--) (5.8) 
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It is the analogue of a double-trace operator in the TV = 4 SYM/AdSs x correspondence 



Such perturbations also exist in the small A/" = 4 theory on AdS^ x x T'^ [55|; one has 
the 20 moduli from supergravity deformations of the background, and in addition an 8 x 8 = 64 
dimensional moduli space from the eight left- and right-moving currents coupling to the charges 
of wrapped branes on T^. 

The following analysis can be made for any symmetric product CFT. Those based on Sk. are 
of special interest as effective theories for the GKS long strings discussed in section 8. 
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This state corresponds to a non-chiral twist operator which permutes the copies of iS^. 
The dimension ( |5.8| ) of the twist operator can be understood as a difference between 
the vacuum energy in a theory based on n separate copies of 5^ and a theory on a single 
copy of iSk, defined on the covering space defined by the map t ~ ^"^ of the parameter 
space of the CFT. 

In order to build the chiral twist spectrum, we must use nontrivial operators of 5^ 
carrying the appropriate i?-charges. Recall the theory consists of a bosonic SU(2) WZW 
model at level k = k~ — 1, a free boson, and four free fermions. The scale dimensions of 
the conformal highest weight states of these respective factors, and their contributions to 
the various /^-charges (the SU{2) spins £^ and the U{1) charge u), are as follows: The 
bosonic contributions are 



hh 



+ jw + 



k- + 1 

j + lw{k--l), j = 0,i,.. i(fc--l) , «; = 0,1,2,... (5-9) 



(here j is the spin of an SU{2) level k~ — 1 highest weight representation, and w is a 
spectral flow index), while the fermionic contributions are 



— 1 ^ 

- f — '-'5 2' ' 



(5.10) 



Then using ho = hb + hf in ( p.7|) with the choices 

£- = j + ^uj(k- - 1) , w = 0, ij = lw, i-^=j + lwk- (5.11) 

leads to a spectrum of chiral operators with 

h^=i- =i+ =j + lwk~ 



n = 2j + 1 + w{k + 1) 



(5.12) 



where again w = 0, 1, and j = 0, ^, |(/c~ — 1). 

Some other important properties of the chiral spectrum are that the chiral spectrum 
for k~ = 1 appears only in the sectors with odd twist, since n = 2w + l. On the other hand, 
for /c~ > 1 all twist sectors contribute to the chiral spectrum. Note also that there are no 
gaps in the chiral spectrum. All values of occur, up to the bound set by the stringy 
exclusion principle; the maximum twist n < N implicitly restricts via (|5.12| ). 
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In addition to the chiral spectrum of these twist ground states, one can construct 
chiral operators by applying the fermionic operator Q, which can raise both the spin and 
the dimension by one half. We can now see explicitly what part of the action of Q is 
'one-particle', and what part 'two-particle'. Consider the twist (n)(l)^~"^. The operator 
Q decomposes into 

n 

Ql^Y.'i^t (5.13) 

i=l 

and the remainder, Q — Q^. The two-particle component is {Q — Qn)o'm while the one- 
particle component is QnC^n- Summing over the symmetric group as in (|5.2|) and normal- 
izing as in (|5.3|) - (|5.4| ), we see indeed that the single-particle component is suppressed by 
a factor of Qs ~ N~^^'^ at large A^. Restricting consideration to the single-particle BPS 
spectrum, we see that the twisted sector of order n = 2£ + 1 {n = 4i + 1 for k = 0) gives 
rise to a quartet of chiral operators, with 

(/i,7^) = (£±,£^) = (£,£), (5.14) 

Two are fermionic and two are bosonic, and so their contribution to the index ( [4.3tj| ) 
cancels. 

Note that there is always a chiral twist operator with h = i~ = = ^, which we 
identify with the second modulus corresponding to 5Rr in supergravity. Generically this 
modulus is in the Z2 twisted sector, with j = \ and w = however, in the special case 
/c~ = 1 we find the modulus in the ^3 twisted sector, with j = and w = 1 |]8|,|62|. 

One can also see that this modulus is a RR operator. RR fields are odd under (— 1)^^; 
this operation maps to parity of the spacetime CFT. The perturbative regime of the space- 
time CFT is the weak coupling limit of the theory in the RR duality frame; thus we should 
identify the Wess-Zumino term of the SU(2) WZW model with the background RR three- 
form fiux through S'i; the distinguishing characteristic of this term is its odd parity.il 

Similarly, in the D1-D5 system on e.g. T^, the (parity-even) metric moduli of the in the 
spacetime CFT map to NS moduli - the shape moduli map onto one another, and the volume 
of the spacetime CFT maps to the six dimensional string coupling = gl/Vj^i in supergravity. 
On the other hand, the parity-odd moduli (the antisymmetric tensor -6^-^"') maps to the RR 
deformation C*^"^'"\ Furthermore, the twisted sector moduli T"'^ = C^^G^^^ ^% of Sym^ {7"^) 
(here is the h = £ = ^ highest weight twist field) can be seen to decompose into a parity-odd 
singlet, which is the RR axion; and a parity-even triplet, which comprises the self-dual NS B-field 
moduli of r^. 
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Indeed, the (parity-even) radius modulus of in the spacetime CFT is identified with the 
(NS sector) dilaton. The twisted sector modulus is 



r = G'^_\G'^^ ^^"^ ; (5.15) 
this operator is parity-odd, since the lowest component — of the twist field multiplet 

ad;/3/3 

is parity-even, and parity interchanges the two supercharges G, G, thus introducing a 
fermion minus sign. Hence it is natural to identify the twist modulus with the RR axion. 

For k~ > 1 we also get a geometrical picture of the twist modulus. The bosonic 
target space U (2) is four dimensional, so as usual the Z2 twist blows up the diagonal in 
U{2) X t/(2), which locally looks like lR^/22- It would appear that the modulus is a B-fiixx 
through the of the resolution, as is familiar from other contexts [B3|, and turning off 
this B-fiux results in a sing ular CFT.0 

Thus the twisted sector modulus acts as a kind of B-flux turned on by a finite amount 
at the orbifold point, that resolves the geometrical singularities of the orbifold. This B-fiux 
is a periodic modulus; we have argued that it is the RR axion and has period in the given 
(RR) background is 9ftr ~ 3?r + d. Symmetry considerations analogous to those discussed 
|6^ lead one to suspect that the orbifold locus is the line 3?r = ^d. The twist modulus 



m 



is parity odd, hence at generic points on the moduli space, the spacetime CFT does not 
respect parity. There are however two points, 3?r = and 3?r = d/2 {i.e. the half-period 
points) at which parity is conserved. The line 3?r = is the singular locus, thus the 
(non-singular) symmetric orbifold CFT could lie on the line 3fJr = \d. 

Are there other BPS multiplets in the cyclic twist spectrum? Apart from the N^^ 
twisted sector, the answer is no. Potential BPS multiplets in the symmetric product with 
7^ l~ will not have a contribution ^^^^^^^L^ to their energy unless we are in the A^*^ 
twisted sector, where these states come from applying K/A-moded fermion oscillators to 
the chiral twist ground state.S This means that as one perturbs across the moduli space 
from the supergravity regime to the symmetric orbifold regime, states with 7^ l~ are 
not protected and move off the BPS bound. This was observed for /c~ = 1 in [§. 



The triplet of geometrical blowups of ]R'*/22 are not moduli in the present context, since 
U (2) is not hyperkahler . 

Below, we wih exhibit these BPS states with £^ 7^ in the A''*'^ twisted sector, in the special 
case fc^ = 1. 
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As an aside, the spectrum ( p77| ) makes it clear why the orbifold locus is outside the 
geometrical regime of the spacetime CFT. Suppose we are taking the symmetric orbifold 
of some theory W of central charge c^. Consider the theory at some fixed energy E. The 
way to partition this energy that maximizes the entropy is to take half of it to make a long 
string, that is to go to the twist sector of a single cyle of order E/cw] then populate that 
long string with oscillators using the remaining energy (the oscillator gap will be c^/E 
and so the string will be thermalized if is not too big). The entropy is thus of order 

Sr^ ^/cUE/c^)Er^E (5.16) 

(here Cw{E/cw) is the effective central charge of the long string), i.e. the symmetric product 
has a Hagedorn spectrum as soon as the long strings can be thermalized [^^. For this 
we need the temperature to be larger than the gap. The temperature is determined by 
e.g. S = CwLT"^ where L is the length of the long string, which is E/cw Since S ^ E 
we have T ~ 1. So as soon as i? > we are in the Hagedorn regime - there is no gap 
parametrically large in the order of the symmetric product between the AdS scale (order 
one in our conventions) and the string scale. 

5.3. Explicit construction 

One can give an explicit construction of the cyclic twist operators in symmetric prod- 
uct orbifolds, in the case where the component theory is S = Sq. This theory consists of 
one free boson (f)^ and four free fermions "0", and so the cyclic twist operators can be built 
out of standard orbifold twist operators, see for example Here r = 1, labels the 
copies of Sf) of the symmetric product. 

The cyclic twist of order n permutes n copies of Sq labelled by r = 1, n via r ^ r + 1 
with r + n = r. A discrete Fourier transform diagonalizes the twist: 

1 

(f),y = — } exp^Iniriy/n] (pr (5-17) 
n 

and similarly for the fermions. The action of the twist on (p^, is then rotation by uj'^ , where 
uj = exp[2'Ki/n]; similarly for the fermions. To keep explicit the SU{2) x SU{2) content, 
it is convenient to bosonize the fermions. Define bosons H^, H'^ with corresponding expo- 
nentials representing the fermions exp[±zifj,] and exp[±iHl,]. Note that H, H' are not the 
bosons corresponding to the Cartan subalgebra of SU (2) x SU (2); the latter are ^{H±H'). 
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The standard 2„ twist operator a^, for (j)^ has dimension 



/i. = l-fl--) , (5.18) 



4 n V n 

and the fuU bosonic twist operator is the product of the twist operators for each (pj^, 



z/ = 1, n — 1: 



n — 1 n — 1 2 



24n 



A fermionic twist operator with the appropriate monodromy is 

^':- = ^^expr-{H.+K)] , = ' ^^l"" ~ . (5.20) 



i'=i 

The fuU twist operator is then — cr^^(^n™^ whose quantum numbers are 

h = (71- 1)(371 - 1)/871 

£+ = (n-l)/2 (5.21) 
r = . 

Note that this operator is on the unitarity bound 

if we take = k~ = n for the n copies being wound together; however, this hes above 
the unitarity bound for = k~ = N of the fuU symmetric product. Successive operator 
products with the antifermions exp[—iHl,], v = n — l,n — 2, . . ., lowers by 1/2 and raises 
£~ by 1/2 for each apphed antifermion, while staying on the bound (|5.22| ) for k~^ = k~ = n. 
When n is odd, applying the |(n — 1) antifermions for u = i(n + 1), . . . , n — 1 yields a 
BPS twist operator with quantum numbers 

h = i+ = £- = l(n-l) . (5.23) 

This is the operator whose existence was inferred from spectral flow arguments in the 
previous subsection. 

To summarize, for the symmetric product Sym^ (S^.) there are 'single-particle' BPS 
states in twisted sectors for each = £~ = 0, ^, |[^(A^ — 1)]; in addition, for 5^ at level 
K = 0, we have exhibited BPS states with £+ + i' = ^{N - 1) for £' = 0, 1, ^(A^ - 1). 
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5.4- A conjectural geometrical interpretation of the chiral spectrum 

It is very important to understand what part of the spectrum of the theory is invariant 
under perturbations by the modulus ( ^.151) . In the next section we will examine the large 



A/" = 4 index for these theories. While this detects some invariant states, it turns out 
not to detect all the important ones. In this section we argue for the existence of some 
protected states, which turn out not to be detected by the index. 

The spectrum of chiral operators we have found above bears some similarity to that 
of the small A/" = 4 symmetric product Sym^(T^), which points to a possible geometrical 
interpretation. So let us recall the single-particle chiral twist spectrum of Sym'^(T^) 
1 55| , p7| ,|5| . There is again a chiral twist field for every (n + l)-cycle in the symmetric 



group, n = 1, — 1, with quantum numbers (/i, h) = (i^i) = (^, ^). 

The cyclic twist highest weight states of the symmetric product can be given 

a cohomological interpretation in terms of the hyperkahler resolution of the singularities 
along the n + 1-fold diagonal of Sym^{T'^). This resolution blows up the diagonal, such 
that the (orbifold) cohomology of the symmetric product has a representative in dimension 
2n. 

Furthermore, the isometries of lead to four ^7(1) currents J"""", and their super- 
partners (and similarly for right-movers). Here a is an SU{2) doublet index under 
the small J\f = 4 algebra, a is a doublet index for the custodial SU (2), and d = 1, 2. In the 
symmetric product, the diagonal U(l) fermion field acts much as in (|5.13|) to generate a 



collection of single-particle operators built on $; starting with the highest weight state, we 
can act with tp°'~^ to make two additional states with i = ^(ti -f 1), and act again to make 
one more state with i = ^(ti + 2). Combined with the action of the right-moving 'i/'"", 
there are all told 16 = 8b + Si? states built on $, with a spectrum analogous to (|5.14| ). 

From the geometrical viewpoint, the chiral operators in Sym^(T^) can be interpreted 
in terms of the cohomology of the (hyperkahler) target. The twist highest weight ground 
states are identified with the cohomology of the resolution of diagonals in the symmetric 
product, and the action of the fermions can be identified with the product in cohomology 
with the eight even and eight odd cohomology classes of ||65|,p7|,|6( 



Similarly, we would like to identify the chiral twist fields $ of the large A/" = 4 theory 
Sym^ (Sfi) with even cohomology elements of some resolution of diagonals of the complex 
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orbifold Sym^{S^ x S^)M We saw an example of this above, when we argued that the 
fixed locus of the ^2 twist is resolved by a S-flux through a string-sized P^. We also wish 
to identify the action of the fermion ( ^.131) that makes the two bosonic and two fermionic 
states ( |5.14| ), with the action of tensoring with the two even and two odd cohomology 
classes of S'^ x S^. This would account for all the chiral cohomology states exhibited 
above. 

We expect that just as there is a smooth metric on a small JV = 4 resolution of 
Sym^(T^) and Sym^ (K3), there is also a smooth metric on a large Af = 4 resolution 
X Sym^(S3 X S^) which can be used to define an A/" = 2 sigma model. The chiral 
primaries of this model will be given by the cohomology of X, and will be invariant under 
smooth deformations of X, which we suppose to include the perturbations inherited from 
( ^.15|) . If this interpretation is correct, it would go a long way to explaining why (as we will 
see below in section 7) the chiral twist spectrum is seen both in the symmetric product and 
in the supergravity limit, whereas the BPS states with 7^ i~ are seen in supergravity but 
not in the symmetric product. The latter states would not be associated to any particular 
cohomology of the target, and being paired up into long representations, nothing prevents 
them from being lifted as we move around the moduli space. On the other hand, the chiral 
states are, according to the above proposal, associated to cohomology; even though they 
are invisible to the index, nonetheless they are not lifted as we cross the moduli space 
unless we move to a singular point where the cohomology disappears (such as the singular 
locus at Co = 0). 

If the chiral ring is preserved across moduli space, then we can rule out iterated 
symmetric products such as Syiifi^[Syiifi'^ (S)], as candidate duals.S The chiral ring in 
this situation differs in the states we would call multiparticle BPS states; for example, the 
two-particle states correspond to words in the symmetric group that are products of two 
cycles. In the iterated symmetric product, one has a choice of whether these two cycles 
come from the same Syiifi^{S) component or different ones. In the single symmetric 
product, there is only one state of this type. One readily sees that the growth of states is 
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In this context, note that x is a rather special target. It is the unique WZW model 
whose left and right complex structures commute [37|; in fact it has a quaternionic structure, with 
two commuting triplets of complex structures [18,1^,67]. Its Dolbeault cohomology is H^''^ = C 
for (p, q) = (0,0), (0, 1), (2, 1), and (2, 2), and trivial otherwise. Additional interesting facts about 
X may be found in 0| 



3° Or Sym'-^''[Sym'^^{S)]] note that this is distinct from Sym^''[Syiifi^ (S)]. 
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much faster than that of the Fock space of BPS supergravity states. Note that, apart from 
this problem, the iterated symmetric product appears to pass the other tests of a duahty; 
the central charge is correct, there is a long string sector with gap of order q^q^ , and one 
can show that the index is the same as that of the single symmetric product of order Q1Q5 



whenever Qi and Q5 are relatively prime [25 



6. The index for the theory Sym^(5) 



In this section we summarize briefly the result of some computations of the index 
defined in section 4.6 above for the theory Sym^(iS). Details of the computations can be 
found in our companion paper p5[] . 

We consider the theory C = Sym'^(iS) with A-^ symmetry. The formula for /2(C) is: 



d-i 



hiC)= J2 Yl «®a(4no + l),fc(^'^)®a(4mo + l),fc('^'^)- 

ad=N Tio,Tno=0 

. d-1 , 
. i ^g27ri;|(no-mo)(2no+2mo + l) Z^(^^ ' 



(6.1) 



where 



b=0 



ri.i 



d 



(6.2) 



is the standard Siegel-Narain theta function for the compact scalar of radius R in the 
theory S. In (|6.1|) we sum over factorizations = ad. As discussed at length in the 
{a = N, d = 1) term should be identified as a "short string" and the {a = 1, d = N) term 
as a "long string" contribution. 

To simplify matters we assume that is prime and we restrict attention to the charge 
zero sector. The result is 



N-2 



/«(c) = (iv + i)|e-,|2+ 

;i>0,odd 



(6.3) 



Here and below the conjugation operation implied in |0p takes uj± Cj± and acts as 
complex conjugation. 

Turning to /i, we find the simplest RR spectrum consistent with this index is 



N/2 |. iV + l 
"£-=1/2 \y o 



(JV-l)/4 
^£=1/2 



(6.4) 
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where the first hne comes from the short string and the second from the long string 
contribution. The short string states have /i = ^ + ^ for all states, and the gap to the 
next excited state is order 1. The long string states have 

1)2 



8N 



(6.5) 



and have small gaps ~ to the first excited state. 

Applying spectral flow to the representation ( |6.4| ) gives: 



(iV-l)/2 
{N-3)/4 



\{iJ)Ns\ 

N-1 



)ns + 



N-1 



NS 



.N-1 N-1 
( — : — 5 — : — )NS 



(6.6) 



4 ' 4 

where the first line is from the short string contribution a = N, d = 1 and the second from 
the long string contribution a — l,d — N. The short string states have 



while the long string states have: 

h-. 



N 



h 



1 + (JL 



1 - uy 



(6.7) 



(6.8) 



4 8A^ 

In the case of the general Syni^{Si^) theory, where the U{2) is at level k, we have 
not managed to evaluate the index completely. However, the short-string contribution is 
amenable to analysis and the simplest (BPS, BPS) spectrum consistent with the index is 



«/2 



r=oM(iVi + (a + l)/2,(iV-a)/2)|2 
Upon spectral flow to the NS sector this is 



/^/2 ^5(^-1) 



(6.9) 



(6.10) 



The true BPS spectrum of the Sym^(iS) theory, which can in principle be directly ex- 
amined on the orbifold line, differs from that above by short representations with cancelling 
indices. A detailed examination of the states shows that it is most natural to account for 
the above spectrum in terms of multiparticle states of the singleton Q and the modulus 
operator for 53r, the size of the S^; these are all operators in the untwisted sector of the 
symmetric product. The twisted sector BPS states constructed in the previous section al- 
ways come with partner representations with cancelling index, as argued around equation 
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7. Comparison of BPS spectra 

7.1. The supergravity spectrum 

Let us ask how the spectrum of supergravity single-particle states fits into the repre- 
sentations described in section 4. 

Reference derives the particle content of the KK reduction of the 10-dimensional 



type II supergravity multiplet decomposed in terms of representations of the -D(2, l\a) x 
D(2, l\a) super-isometries of spacetime. The KK spectrum is perhaps most clearly written 

as 

p{£+,r,u)®p{£+,£-,u) (7.1) 

£+,e->0; u 

where the highest weight state in (0, 0; 0, 0) corresponds to the vacuum, and not to a 
single-particle state. 

This result can be understood intuitively as follows. We should be looking for two 
things: (a) 256 polarization states, and (b) all the on-shell Fourier modes on AdS^ x 
S"^ X S"^ X S^. Vertex operators will be products of left-moving and right-moving states. 
Under the ^0(4)^ = SU{2)+^l x SU{2)_^l isometry of S\ scalar operator in 

10-dimensions gives rise to a tower of vertex operators 

c::::--: (7.2) 

where are integers and the tensor is totally symmetric. Since the decomposition of 
normalizable functions on S\ x Si?_ under SO{4)l x SO{4)ji is 

L\Sl X S'_) = (£+,r;£+,r) , (7.3) 

all tensors in ( [7.2|) occur with degeneracy 1, where = 2i^. Now, for w 7^ or 7^ £~, 
there are no vanishings in the application of G'_i/2 (the only candidate, equation ( [4.10|) , 
simply relates G_i/2 to Q-i/2)- Raising with the four G's fills out a 16 component base 
of the representation, leading to 

16(2£+ + 1)(2£- -Fl) (7.4) 

states that are not descendants under L_i. Combining left and right quantum numbers, 
we identify this Aj multiplet with the supergravity multiplet of states carrying angular 
momentum and momentum u on S^. 



58 



For = £ and w = 0, the action of G'^'^,^ vanishes according to ( |4.10| ), and we must 



1/2 

be more careful. Previously, ( |4.1UD related ^^^^2 Q-1/2; in the present case G~^y2 



vanishes, however we can still act with Q-i/2- Thus we can also make the vertex operator 

(7.5) 



(related to the state (|4?T6D ), leading to a L>(2, l|a) short multiplet (£ + i, £ + ^)s-l^ Thus 



we find the -D(2, l|a) representation content 

(£,£)s©(£+i,£+i)s (7.6) 



obtained by combining (7^) and ( [7.5|) . The number of states in the -D(2, V\ol) representa- 



tion ( |7.6D which are not descendents of L_i is 

16(2£ + 1)(2£ + 1) (7.7) 

(this remains true for the special short representations having £^ = i). Combining left 
and right quantum numbers, we identify the multiplet (|7.6| ) formed by (^3) and (|7.5|) with 



the supergravity multiplet of states carrying angular momentum l'^ = I and m = 0. 



We now come to the question of whether the BPS condition ( 4.10 ) is sufficient to 
protect the conformal dimensions of such states as we move along the moduli space. Here 
we encounter the distinction between A-^ and the super-isometry algebra 15(2, 1| a); as 
mentioned above, their BPS conditions are different unless = l~ and m = 0. This is a 
situation not encountered in other contexts, such as AdS^i backgrounds with A/" = 2, 3 or 
small A/" = 4. However, this distinction disappears in the classical limit /c"*" + /c~ 00, 
where the A~^ unitarity bound ( |4.11|) degenerates to the 15(2, l|a) bound h = . 
Nevertheless, since this classical dimension violates the A^ BPS bound, and since A^ is 
the true symmetry of the theory, we know that supergravity states with ^ i~ or u ^ 
must get a quantum correction to their mass. Moreover, there must be a corrections to 
the D(2, l|a) BPS condition G'++2|£+,£-) = for such states. This is a novel situation 
in which states which appear to be BPS in the classical approximation, in fact can receive 
quantum corrections. This is perhaps an important cautionary tale. 



More precisely, in the regime of supergravity weak coupling the product ( [7.5| ) decomposes 
into an operator creating a two-particle state and (with a coefficient Qs) an operator creating a 
one-particle state. We focus on the single-particle operator component. 
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Since we have not computed the corrections ~ to the masses in string theory 

on AdSs X S'^ X S"^ X S^, we do not know if particle states with ^ i~ or u ^ arrange 
themselves into long or short representations of A^. There is no reason that prevents 
the various single-particle and multiparticle states in the supergravity Fock space from 
combining to form massive representations that leave the bound (|4.11j ) in this case. The 



same mechanism that arranges the BPS states with = i~ into long multiplets (namely, 
acting with Q") applies also to the states with 7^ Indeed, in the symmetric product, 
we saw that typical single-particle states do not contribute to the index, and indeed we 
also saw that there were no BPS states with 7^ i~ small. 

If such states were to remain BPS then the string theory corrections would have to 
be exactly 

^ k+i- +k-i+ + -i-)^ + u'' 

^ = WTk^ ^^-^^ 

If true it would be very striking and would suggest some kind of integrability. 

Are there additional BPS objects we can consider? The topological classification of 
D-brane sources is given by the (twisted) K-theory of spatial infinity, modulo classes which 
extend to the interior For both IIA and IIB theories this group is 2q+ 2q-, 

where the two torsion factors come from the twisted i^-theory of and we are working in 
the NS flux picture. These are classes representing Dl-branes wrapping the S^. However, 
in the familiar way (reviewed, for example, in |7^,^) the D-objects blow up into spheres 



in each of the S'^ factors, so the strings blow up into 5-branes of topology x x S^. One 
novelty of the present context is that the mathematical identity Zg+ (8)Zg- = 2^^^^^^+ g-^ 
implies interesting instabilities of the Chan-Paton degrees of freedom.!! 

7.2. Comparison of (BPS, BPS) states with the symmetric product 

One of the key tests of any proposal for a duality is the matching of the BPS spectrum. 
Here we focus on the left and right BPS states and make several loosely connected remarks 
concerning the comparison between the supergravity background and the proposed dual 
Sym^(5). 



First, comparison with the simplest spectrum suggested by the index (|6.6D strongly 
suggests that the spectrum of short representations of associated with supergravity 
particles is in fact precisely 

(B[^o'^^^p{i,i,0)(»p{i,i,0) (7.9) 
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Note that if either fivebrane charge is equal to one, the K-theory is trivial. 
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where the upper bound is imposed by hand, in supergravity, as part of the "stringy exclu- 



sion principle" [65 



Now, we have actually argued for two towers of BPS states in the representations 
£)p in the symmetric product CFT. On the one hand there are the multiparticle states 
made of untwisted sector states, which contribute to the index. On the other hand, there 
are the twisted sector states constructed in section 5. The latter states are more natu- 
rally identified with the supergravity one-particle states carrying momentum on S^. The 
companion representations which cancel in the index may be understood in terms of bound- 
states with singletons (c./. the discussion surrounding equation ( ^■14|) ). We also gave a 
conjectural cohomological interpretation to these twisted sector states which suggests that, 
even though they cancel in the index, they might nevertheless be preserved along the mod- 
uli space. 

As we have stressed, there are generically no BPS states with ^ i~ with small £^ in 
the symmetric product. For instance, in the Sym^ [Sq) theory, the one-particle supergravity 
states with these quantum numbers get corrections to their mass of order 5/i ~ 
at large A^, under the assumption that the states in ( |5.22| ) should be identified with the 
supergravity one-particle states with the corresponding quantum numbers. On the one 
hand, one might take this result as a cautionary tale regarding the extent to which the 
BPS property as seen in the supergravity approximation actually extends to a property 
of the full theory; on the other hand, if the symmetric product orbifolds only describe 
situations where one of Qf = 1, supergravity calculations are suspect and there might not 
be any contradiction. 



It should also be noted that the spectrum (|7.1|) does not depend on whether N = Q1Q5 
is prime, nor on whether Q5 is equal to Q'^. On the other hand, we show in [03 that the 
BPS spectrum of Sym^(5K) depends on the prime factorization of N. Moreover, the 
conjectural holographic dual for Q^/Q'^ = k + 1 has a BPS spectrum which depends on k. 
For the case k > we found some BPS states in ( |6.9| ). The states with ji > are "new" 
in comparison to the spectrum at k = 0. Note that the conformal weight of these states is 
very simple: 

h = j2+N{ji{h + l))/{K + 2) (7.10) 

It follows that particles with ji > are heavy - parametrically of order N. These states 
should probably not be identified with supergravity particles. It is possible they can be 
identified with "conical defect geometries" or smooth versions thereof. Thus, the light 
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spectrum remains {321 32) for all the U{2)i^ theories and is insensitive to k, This is at 
least consistent with the idea that Sym^ {w{n + 1, 1)) is the holographic dual for Q1Q5 = 
N{k + 1),QiQ', = N . 

On top of the above considerations we are left with the "long string BPS states" 
contributing to line 2 in equations (|6.4D . These are unaccounted for on the sugra side. 
It is possible that these states correspond to conical defect geometries smoothed out into 



supertubes, along the lines described in [28]. The solutions of [28| are specific to the T 



case, but perhaps could be generalized to x S^. Moreover, when is not prime, there 
will be many further BPS states [^. They will be heavy, parametrically having mass of 
order A^, but still, they must have supergravity duals, since they are BPS. It should be 
very interesting to see this structure arising in the supergravity side. For N nonprime the 
construction of [73] might provide some duals to the new BPS states which are associated 
with nontrivial divisors of A^. 

To summarize, even in the most promising case where Qg" = 1 or = 1 there are 
discrepancies in the BPS spectrum between supergravity and the CFT dual. However, for 
reasons discussed above one cannot rule out the Sym'^(5) theory as a CFT dual solely on 
this basis. 



8. The near-BPS spectrum of AdSs x x x 

The perturbative "long string" spectrum for AdSs x x S"^ x provides a point 
of comparison between the boundary conformal field theory and supergravity that goes 
beyond the BPS spectrum. States of high spin on the S'^'s, specifically with j' = j" ^ 1 
and h ~ j' , are near-BPS states, the so-called BMN states. Their dimensions are expected 
to be slowly varying functions along the moduli space. Thus, we might expect that this 
portion of the spectrum to remain intact as we move from the orbifold locus to the singular 
locus in moduli space, where the perturbative GKS description of ]^ can be applied. 



8.1. The spectrum of GKS long strings 



In the worldsheet formalism of [^, AdSs is described by an SL{2, R) WZW algebra 
of level /c, two SU{2) current WZW models of levels k' = and k" = (and a free 
field theory on S^); recall that the levels are related by 1/k = 1/k' + 1/k". Long strings 
pulled out of the background ensemble, that wind some number w of times around the 
angular direction of AdSs, are obtained by w units of spectral fiow from primary states in 
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the 5'L(2, R) WZW model [73|. The standard worldsheet formahsm requires the absence of 
RR backgrounds, and so describes the NS background duality frame with all RR potentials 
vanishing. This is the singular locus of the spacetime CFT, where the Coulomb branch of 
separated onebranes and fivebranes meets the Higgs branch of onebrane/fivebrane bound 
states described by the AdS^ x x x background. 

The worldsheet formalism of is a perturbative approximation to the structure 
of the exact spacetime CFT. So for example one builds a Fock space of strings, ignoring 
back reaction, stringy exclusion, black holes, etc. Back- reaction is a higher loop (and/or 
nonperturbative/collective) effect. To the extent that one can ignore these latter effects, the 
long string states describe a subspace of the Hilbert space. However, we are on the singular 
locus of the spacetime CFT and one could wonder whether such a subspace or Hilbert space 
is even well-defined. We believe that the answer is yes when sugra is weakly coupled, but 
then the spacetime CFT is strongly coupled and hard to analyze. A rough physical picture 
is that the long strings are in a corner of the configuration space of the symmetric product 
sigma model (where a Coulomb branch meets a Higgs branch); if this is a sufficiently deep 
pocket in the sigma model target space, a state can get trapped there for a long time and we 
can usefully think of it as a separate entity (like a resonance). In H-l dimensions, the sigma 
model fields cannot have expectation values due to infrared fluctutations; instead they 
have wavefunctions. We continue to employ the usual terminology 'Higgs' and 'Coulomb' 
applied to moduli spaces of scalar vevs in higher dimensions; but these are now regions of 
configuration space of the theory where the wavefunctions may have support. The support 
of the wavefunctions of long string states is predominantly on the Coulomb branch. In 
that region of configuration space, it is energetically cheaper for excitations to be carried 
by the long string - e.g. a U(l) quantum by itself costs energy going like n/R, while on 
the long string of winding w it costs [1 / w) {n / R)'^ which is smaller for small enough n and 
large enough w. 

Let the SL{2) x SU{2) x SU{2) spins of the worldsheet primaries be denoted 
and let the spectral fiow winding be w, w' , w" (as usual, j' < k' /2, the total SU (2) spin of a 
state is £' = ^k'w' + j', etc). Then the formula for the spacetime energy and spin of a long 
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string is (c./. eq. 75, for the bosonic string, and |7^, eq. 97, for the superstring 
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kw 1 
h = — + - 
4 w 



+ [-^, — -+JW + 



k \ k' 4 

+ ( fe. + / + ^) + ^int - ^ 

h'w' + j' 



(8.1) 



2 

It is imphcit in these formulae that w > 1; the winding number zero sector is the su- 
pergravity spectrum (which is given by a different expression). Adding U{1) charge u 
simply puts Aint = u'^ inside the square bracket (we use h to denote spacetime energy, 
A to denote worldsheet conformal dimension). The normalization of this term is set by 
the winding number zero sector, which is the supergravity spectrum. States that satisfy 
the GSO projection will need at least one fermion excitation, which we choose orthogonal 
to X in order not to deal with multiple cases according to the addition of angular 
momenta (since the fermions along x S"^ are vectors of SU{2) x SU{2)). Henceforth we 
will add such an orthogonal fermion excitation, and drop the —1/2 in the square brackets 

of (B- 

The near-BPS states have large w and sufficiently small Ai^t that the fractional excess 
of energy above the BPS bound is tiny. For simplicity, let us restrict to states with £' = £" , 
for which the BPS bound is particularly simple: 

- k' + k" Qi{k' + k") Qi{k' + k")' 

All the states in ( p.l|) satisfy this bound. 

8.2. Comparison with the symmetric product orbifold Sym^ (S) 

The symmetric product orbifold Sym^ (S) is a candidate for the boundary CFT dual 
to the above supergravity, for k'\k". The orbifold is a non-singular CFT, and so if it is 
at all related to supergravity on AdSs x S'^ x x S^, it is at a different point in moduli 
space. Our working hypothesis is that the deformation of 3?r from the orbifold line to the 



To derive this expression, one solves the worldsheet Virasoro condition Lq — 1 = for the 
spacetime energy h = m + ^kw in the SL{2) sector of spectral flow winding w, with m the 
unflowed J3 of SL{2). 
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singular locus does not drastically change the near-BPS spectrum, so that a comparison is 
possible between the computation of the previous subsection and the near-BPS spectrum 
of the symmetric product. 

For simplicity, consider first the special case k' = k" {i.e. Q'^ = Q^), for which a 
candidate dual is Sym^^^'- {Sq) with Sq the U(2) WZW model at level k = 0. In the n 
twisted sector of the symmetric product {i.e. the twisted sector for a single cycle of length 
n in the symmetric group), the spectrum is 

n-1 /lint 

h = — \ 

4 _ (8.3) 

Here n is necessarily odd, n = 2r + 1. 

For supergravity long strings ( p.lj ) with k' = k" , in order to have £' = I" we must set 
w' = w" and j' = j" . The simplest way to satisfy the BPS bound is to set w = w' ^ w" = 
2w\ and put j — 1 = j' = j" to cancel the SU{2) and SL{2) Casimir terms in (|8.1|). 
Then one finds a spectrum of BPS states with i' = i" , one for each value of the spin. 
The states in the zero-winding sector in SL{2) are BPS supergravity states, whose spins 
are bounded by k' /2] once we add the long string sectors, we can get arbitrary spin. The 
states are grouped according to the SL{2) winding w in blocks of size k' /2. Back-reaction 
is supposed to lead to the upper cutoff (due to stringy exclusion) of spin less than of order 
/cQi, but in the GKS formalism this restriction is nonperturbative and therefore invisible. 
If we now add U(l) charge, we get a spectrum of BMN type states with 

with j' = 0, 1/2, k'/2 and w' = 1, 2, 3, ... . These states are BPS if u' = 0, and near-BPS 
in the BMN sense if i' is large and u' is small. 

Let us compare (p.4| ) to the spectrum ( |8.3| ) of the symmetric product of the Sq theory. 
The latter has BMN type states with 

n - 1 ,^ ^, 

h = —— + — . 8.5 
4 n 

Each increment of SU{2) spin is accompanied by an increment in the winding sector. 
The order of the winding is deduced from the (assumed large) first term on the RHS: 
n = 2{k'w' + 2j' + 2). Identifying u' = u, we see that the second terms differ by a factor 
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k' . If we think in terms of the "invariant mass" of the state, which is highly boosted along 
the S'^'s, we have 

for the symmetric product, and 

ml,r^{h-i)ir^lk'u'^ (8.7) 

for super(string)gravity. 

It is tempting to identify k' = Qf = 1 from this result; however, the spectra are being 
compared across a distance in moduli space proportional to gcd{Q~^ , Q^): c/. section 2. If 
Qg" = Q'^ then this distance is order 1 for values of for which supergravity is valid. In 
this case the deviation from the BPS bound might well vary significantly. If = = 1 
the distance is order qb, and the deviation from the BPS bound should be controllable. 
However, in this case the supergravity approximation is not valid. In spite of all these 
cautionary remarks, we cannot help noting that the best match is for Qf = 1, reminiscent 
of the fact that in the D1-D5 system on T^, the symmetric orbifold was determined to 
lie in the cusp of the moduli space related to Q5 = 1. 

8.3. Spectra for k' ^ k" 

An analysis of the more general backgrounds with k' 7^ k" indicates again a discrep- 
ancy in the BMN spectrum between supergravity and the symmetric product of U{2). 

Consider the special case j' = j" = 0. Then the special BPS states i' = i" will have 
2i' = k'w' = k"w" . Consider the further specialization w' = pk" , w" = pk' . The BPS 
condition is satisfied for j = 0, w = p{k' + k"); then the energy of long BMN-type strings 
with these particular quantum numbers is 

kw pk'k" . , 

^ = 1" + ^ ^ ^ + p{k' + k") ■ ^^-^^ 

Let us compare this answer to the symmetric product of U{2). The BMN spectrum is 
easily determined by the analysis of section 5: 

^2 

h = j + \wk- + — — — . (8.9) 

We again fix the order of the twisted sector by comparing the large first terms. For j 
small, we determine 
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for the symmetric product, and 



for super (string) gravity (recall k' = Q^, k" = Q^). Again the best match is for one of Qf 
equal to one, but we cannot exclude other possibilities given the considerations mentioned 
at the end of the previous subsection. 

8.4- Comparison with the PP-wave Limit of AdSs x x x 

As a check on the near-BPS spectrum derived using the GKS formalism above, we 
reproduce that spectrum by taking the Penrose limit of AdSs x x S'^ x and analyzing 



the spectrum along the lines of [^. For this purpose, it is convenient to write the space- 
time metric (|2.8| ) as 

ds"^ = f {-cosh^ pdt^ + dp^ + siivh^ pd(l?) + 

+ {d^f + cos' edi^f + sin2 e.dipl) + L^de^ (s-^^) 

The plane wave limit of the geometry ( |8.12|) is obtained by boosting along a null 
geodesic in AdSs x x S"^ x Specifically, we consider a limit where some of the 

radii in ( |8.12|) are taken to infinity, with a' and qb kept fixed. In the boundary theory, 
this corresponds to focusing on the sector of the theory spanned by operators with large 
values of spin. There are many choices of boost; one can associate these choices with a 
choice of direction inside SU{2)^ x SU{2)_ x U{1). Recently, one particular choice of 
the Penrose limit was considered in [|75|, but the PP-wave limit considered there does not 
describe states which are near BPS. Here, we shall consider another limit, given by the 
rescaling, c/. []76| , [77[] , 



t = PqX'^ 

/ r> \ ±1/2 
+ X f p-R-\ yi 

'V± = P±x^ — ^-5- ± 



9 = ^ (8.13) 
L 

r 
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where hq and n± are some parameters. In CFT, this hmit corresponds to oo. 
Substituting (|8.13| ) into ( |8.12|) , and taking the hmit i? ^ oo, we obtain 

ds"^ = -2dx+dx~ - -(/ior^ + fx\y\ + fj,'iy'i)dx+dx+ + df^ + dy\ + dyl_ + dy^ (8.14) 

where, in order to cancel the terms of order R\, we need to take 

where I denotes the radius of AdSa (not to be confused with SU{2) spin). Notice, that 
the terms dx^dyi cancel automatically due to a particular choice of the coefficients in 
( p.l3|) . The last four terms in ( |8.14|) describe the usual fiat metric on IR^ written in polar 
coordinates, 



dsl = {dr^ + r'^dcf^) + {dy\ + y\dif\) + [dy'i + y'id^'^_) + dyl + dy 



dr^ + dy\ + dy^_ + dy^ 



Similarly, the following components of the 3-form flux (|2.6| ) remain non-zero in the pp-wave 
limit (l8l3D : 

H+i2 = 2^o , H+s4 = 2^+ , H+56 = 2^_ (8.16) 

Using ( p.l3|) , we find the relation between charges in the pp-wave geometry and the 
charges in the dual CFT: 

p- = id^+ = inodt + in+d^^ = ixqK - - 

In the light-cone gauge, x~^ = p^r, the string world-sheet theory is Gaussian (hence, 
solvable). The bosonic excitations are described by the Hamiltonian 



2p- 



-p+=^i.c.= f: (8.18) 

n=-ooJ=l V \ P / 



where, for different values of the space-time index /, we have 
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Substituting ( p.l7 ) into ( |8.18| ), we find that the string spectrum in the plane wave back- 



ground (|8.14D looks like 



h-':^i*-f^r^J:Nj('^) +(^) (8.19) 

in the RR case. Similarly, in the NS frame, we obtain, c.f. [p6| : 

h-^i+-^r=yNj^ + ^) + 1^ (8.20) 

Let us now consider in more detail the symmetric case, where i?+ = R- = \/2i. In 
this case, the constraint ( |8.15| ) implies fx^ = fX- = ijlo/2. The momenta ( p.l7|) take a 
simple form 

p- = i^o{h-\{i^+n) , P+ = ^^^I^rP (8-21) 

Correspondingly, the string spectrum ( p.l9|) becomes 



'>-2(«*+r) = X:iV„^l+(^j (8.22) 

On the other hand, in the NS-NS case the spectrum ( p.20|) takes the form 

,.--(f-+r) = 5:iV„(l + ^j+^^ (8.23) 

In order to compare this with the spectrum of the GKS long strings, we need to write 
( ^^231) in terms of k' = = At:'^R\. For = e and = 0, we obtain 

= + ^ (8.24) 

This agrees with the GKS long string spectrum (|8.4| ) in the limit of large w' , and also 
agrees with the spectrum ( p.5| ) of the symmetric product orbifold provided that k' = 1. 
Finally, let us briefiy describe interactions in the pp-wave geometry ( 8.14 ) when = 



Q'^ = Qs. Since the transverse string fluctuations are confined in this geometry, the 
strings are effectively two-dimensional. Six transverse directions in ( |8.14| ) are massive with 
a characteristic scale (/^/p"*")"^^^, whereas the other two transverse directions have sizes 



69 



and L, respectively. Therefore, the effective two-dimensional string coupling constant 
is given by 

. giif^p^r in' ..... 
= ^ ^^-^^^ 

where N = Q1Q5, and in the last equality we expressed p"'", and L in terms of 
the background charges. The result (|8.25[) has to be compared with the genus-counting 
parameter in the pp-wave limit of AdSs x S"^ x K3. Since the latter geometry has only 
four massive transverse directions, the effective two-dimensional string coupling in this 
case scales with the SU (2) spin £' as 



It is tempting to speculate that the cubic power in ( |8.25| ) is related to the four-string 
interaction in AdS^ x S"^ x S'^ x suggested by the structure of the twisted sectors in the 
dual symmetric product CFT (see section 5.2). 



9. The U{1) X U{1) gauge theory 

The low energy supergravity contains a U{1) x U{1) gauge theory with Chern-Simons 
term. The study of the associated topological field theory provides further information 
on the holographic dual of the theory. Indeed, it leads to our strongest argument that 
Sym^(5) can only be the holographic dual for Qs = 1. 

9.1. Actions 

In the NS flux picture with IIA on AdSs x S"^ x S"^ x we find a U{1) x U{1) massive 
gauge theory for two U(l) gauge fields in AdSs by dimensional reduction of the metric and 
NS B-field on the S^. The relevant ansatz is 

ds^ = ^ i-dt^ + {dx^f + {dx^f) + %^ds\Sl) + ^ds\S^ ) + L\de + af 

x^\ ^ ' ^ ' J Atx^ ^ ^' Atx^ ^ ' ^ ' (9.1) 

H — AqWo + A-i-W-i- -|- + db Ad9 

where a and b are gauge fields on AdSs and da and db have integral periods. The relevant 
part of the action for the if-fiux is proportional to 

H A*H = ydb A {*AdS3db) Auj+ Au- AdO - 2LXq db A a A u;+ A lo- A dO . (9.2) 

70 



The second term in (9^) gives a Chern-Simons term in AdSs- From ( |2.5|) , ( |9.2|) we get 

dbAa (9.3) 



167r^ LRlRl 



9l ^ 

Substituting ([2J5D gives 

27rQi I dbAa (9.4) 



(9.6) 



On topologically nontrivial three- manifolds we would define this term by 2nQi Jj^^ ft A fa- 
Since our field strengths have integer periods, having integral Qi is precisely the right 
topological quantization. 

Including the kinetic terms we have an action of the form 

f -1 -1 

Sa = TT^da * da-\- —2-db * db + 27rQiadb (9.5) 
J 2e^ ze^ 

It is very useful to introduce // := les/cAl and the linear combinations 

A(+) :=_L (^^-1/25 + ^1/2^^ 

.<-':^^(.-"^.-."^<.) 

In terms of these fields we may write 

Ss= f ~^ dA^+hdA^+^+7rQiA^+UA^+^ + [ ~^ dA^'hdA^'^ -ttQiA^-UA^-'^ 
J l2\eAeB\ J J l2\eAeB\ 

(9.7) " 

The equation of motion is: 

d*dA^+^ = 27rQi|eAeB|cfA(+) 

(9.8) 

d*dA^-^ = -2nQi\eAeB\dA^^^ 

and therefore there are two propagating vector fields of = {2TvQieAeB)'^ ■ 
From straightforward Kaluza-Klein reduction we find 



e| = — I^^TvT (9.9) 



(Note that it is important to work at Cq = here. Otherwise i?3 = —CqH and the term 
in the action ~ J Rs* Rs lead to a correction ~ Cq to 1/e^.) For the Kaluza-Klein gauge 
field we obtain: 
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Note that this means that 



^2;= 4=^4 (9.11) 



The gauge group must be U{1) x U{1) and not IR x IR because we know there are KK 
monopoles and H-monopoles. 
The gauge fields are 



A± = ±y|(a±-l6) (9.12) 

and these are indeed the combinations which appear in the covariant derivatives for left- 
and right-moving supersymmetry transformations. Moreover, equation ( |9.8|) above shows 
that have mass-squared in AdS units: 

m^f = (27rQie^eB)^^^ = 4 (9.13) 

where we used the fixed-values for the radii. There is a nice check on our formulae. 
Equation 41 of says that in the AdS/CFT correspondence a vector field satisfying 

l*dA = T{h + ~h-l)A (9.14) 

corresponds to a primary of dimension {h,h), where h — h = ±1. This is to be compared 
with equation (|9.8|). Using the above values for 6^,6^, that equation reads: 

e*dA^ = ±2A^ (9.15) 

So, the massive scalar mode of A'^ is dual to a primary field of dimension (1, 2) and A~ is 
dual to a primary field of dimension (2, 1). Meanwhile (1, 0) and (0, 1) primaries, i.e., the 
currents, correspond to dA = 0, i.e. the fiat fields. 

Remark: Very similar considerations apply for AdS^ x S'^ x T^. If we choose the 
background 

4 

ds^ = fds\as + R^ds^iS^) + J2 Ll{d9^ + aif (9.16) 

1=1 

4 

H = Xqujo + Xiuji + ^ dbidOi (9.17) 

1=1 

then the Einstein equations give Aq = Af , and charge quantization gives 27r^Aii?^ = Q5 
The Chern-Simons interaction is 

2nQi J^dbiAtti (9.18) 
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and (ca./eb-)^ = Lf. Meanwhile, the RR fields give another set of 4 + 4 ^7(1) gauge fields 
j3i,ai with Chern-Simons term 

27rQ5 J J2d(3,Aa, (9.19) 

The formulae for the charges change when we turn on the background but the Chern- 
Simons terms are quantized. For the general ^/-duality invariant formula, valid for all 
backgrounds, see sec. 7 of [[fO . 

9.2. Path integral on the torus 

Imagine doing the path integral on the solid torus for the theory ( |9.5|) with hyperbolic 
metric. In the topology D x let p be the radial coordinate on the disk. Consider the 
path integral where we just integrate over fields for p < pi- The path integral over a, 6 
defines some state \E'(a, 6; pi) in the Hilbert space of the massive Chern-Simons theory, as 
a function of the gauge fields a, b on the boundary torus at p = pi. Now consider the path 
integral at p2 > pi- How is the new state \l/(a,6;p2) related to the old state? We view 
evolution in p as a Euclidean time evolution. Since the hyperbolic metric is of the form 

ds'^ ^ dp"^ + —\d(f) + Tdt\'^ (9.20) 

for large p, and since the Hamiltonian is conformally invariant (for the fiat gauge fields) 
we find that 

*(a, b- p2)=e-(^^-^i)^*(a,6;pi) 

Thus, if we let p2 ^ oo the wavefunction \l/(a,6;p2) is projected onto the lowest energy 
level of the Hamiltonian. It is therefore a linear combination of the gauge invariant wave- 
functions for quantization on the torus. 

In the companion paper we work through the exercise of implementing the above 



procedure in detail for the theory ( |9.5| ) . The result is that the gauge invariant wavefunctions 
may be understood in terms of two Gaussian models with radius 

R\ = = ^QiL' (9.21) 



and 
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The partition function can be written in terms of "higher level Siegel-Narain theta 
functions." It takes the form: 

J2 (9.23) 

/36A*/A 

where 



(9.24) 



2X2 



^^(A) = ^/-^eA(r,0,/3;P;^(A)) (9.25) 



Here 



A = eiZ + /iZ= VQi^^^^ (9.26) 



is a lattice with hyperbolic metric: ef = /f = 0, ei ■ fi = Qi. Ga is a Siegel-Narain 
theta function for the embedding P of A (g) IR into IR^'^ defined as usual by left- and 
right-moving momenta {pl',Pr)j with metric p| ~ p\- Also, (3 = plQ\e\ — p/Qifi and 
(3 = p/Qiei + p/Qifi are representatives of the dual quotient group A*/A = (Z/QiZ)^ 
while 

= (v^2iT24"^;-V^2zr2AW) 

A A (9-27) 

Here A, A are arbitrary constants that depend, for example, on what kind of operators have 
been inserted in the solid torus. See for further details. 



The "conformal blocks" \E'^(A) in ( |9.25| ) predict conformal weights that give an explicit 
realization to the "level Qi U{1) current algebra" in the sense of []80|J^]. 

9.3. Comparison to /2(Sym''^(iS)) 

The path integral for the gauge fields A, B that we have discussed is only part of the 
bulk superstring path integral dual to - say - the index I2 of the boundary CFT. First, 
the gauge fields couple to the charged supergravity modes, and hence perturbative string 
interactions should be taken into account. One might naively think that since there are no 
couplings between the SU(2)^ gauge fields and the U(l) x U{1) then ( |9.23|) would have to 
be an overall factor in the partition function. This is not true when one takes into account 
instanton effects such as NS5-brane instantons and KK monopole instantons. These effects 
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can lead to a correlation between the U{1) and SU{2) quantum numbers of the spectrum 
computed from the supergravity viewpoint. 

Nevertheless, since the topological theory is expected to dominate at long distance it 
is very natural to conjecture that the A^~^\ A*^~^-dependent wavefunctions are valid in the 
full AdS / CFT duality of string theory. That is, if Z"'^ is the partition function on the solid 
torus and is written as in (|9.25|) as a linear combination of some finite dimensional space 
of "conformal blocks" : 

Z"^ = ^C^^'^(A) (9.28) 

where are constants (the A-dependent terms in (|9.25| )) then the full string theory par- 
tition function is of the form: 

^string ^ ^ Z^($^)^^(A) (9.29) 

where $00 are the boundary values of the other fields in the supergravity theory. That is, 
the exact A^~^\ A^~^ dependence is given by a linear combination of the same "conformal 
blocks" as in the massive gauge theory. 

If we accept the above conjecture, then we can compare to the proposed holographic 
dual Z(Sym'^(iS)). Let us consider the index I2, for simplicity. Then from (|6.1|) we can 
deduce that the dependence on A^^\ A^~^ - defined to be the coordinates {xl'i Xr) dual to 
the charges u,u- is given by higher level Siegel-Narain theta functions for Ac/t = VnII^'^. 
On the other hand, the wavefunctions appearing in ( |9.29D are Siegel-Narain theta functions 
for Asg = \/QiII^'^ . Comparing with the "conformal blocks" ( |9.25|) of the theory ( |9.5| ) 
suggests that we must identify N = Qi. Since = Q1Q5, this conjecture supports the 
idea that the orbifold theory Sym^(5) is only on the moduli space of the supergravity 
theory for = 1. 

Let us comment on possible subtleties that could invalidate the conclusion that the 
partition functions can only match for Q5 = 1. First, it is possible that one loop de- 
terminants associated with charged fermions on AdS^ induce a renormalization of the 
Chern-Simons ( |9.4| ). We think this unlikely, but it bears further thought. Second, it is 
possible to change the level of a theta function by summing over certain vectors /3 G A* /A. 
In this way, one can express a theta function of level k in terms of a theta function of level 
/cA^, where A is an integer. In our present example we would require 

V^//i'i C -^==//i'i (9.30) 

V 
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This, in turn, is true iff Qs is a perfect square. Thus, when is not a perfect square, 
we cannot evade the conclusion. It is conceivable that some unknown physical mechanism 
changes the basic periodicity of the large gauge transformations of the a, h fields to be 
multiplied by Qs- In this case, the supergravity partition function would be expressed in 
terms of level Q1Q5 theta functions. However, we cannot see any justification for this. 
Thus, we conclude that Qs = 1 is necessary to match to the simplest proposal for the 
holographic dual Sym^(5). 

It is worth stressing that the above argument does not apply to the case of AdS^ x 
X T*. Here the enlarged ?7-duality group allows one to redefine a basis of gauge fields so 
that ( |9.18|) and (|9.19 ) are rearranged into level 1 and level Q1Q5 Chern-Simons theories. 
This redefinition, of course, depends on the cusp in moduli space. 
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Appendix A. Proof of marginality 

As mentioned in section 4.4, although the candidate modulus operator preserves large 
A/" = 4 supersymmetry, it cannot be written as a superspace integral, and so the proof of 
||24|| that this operator is truly a modulus must be reconsidered. Since we will be using the 
methodology of in an essential way, and this article may not be readily available to the 
reader, let us reproduce (more or less verbatim) the proof there of marginality for M = 2 
massless perturbations. We will then adapt this proof to our modified circumstances, 
and show that the candidate modulus T preserves conformal invariance to all orders in 
conformal perturbation theory. 
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A.l. Dixon's proof for M = 2 



The reasoning of runs as follows. Consider an A/" = 2 theory with an h 



1 

2 

chiral primary field with lower component and upper component $^ = G^i^q", and 
and antichiral field with upper component$J~ = G^i^q. The k^^ term in conformal 
perturbation theory involves a correlation function 

k 

{X{T{z^)) (A.l) 

1=1 

of the modulus deformation T = + integrated over /c — 3 arguments. 

Consider the term with m operators $^ and n operators m + n = k. We suppress 
the right-moving structure except as needed. Embed this CFT correlator in a string 
scattering amplitudell 

j ]j£zd^wj(jj{^+iz,)+ik,-t(;,^+{z,))e'''-''^^ 

(A.2) 



The leading term as /c^ — comes from taking in each factor, leading to the correlation 
function 

m n 

i=i j=i 

where, despite the slightly confusing notation, $^ carry zero -R-charge so the correlators are 
non-vanishing even when m ^ n. It will turn out that F is a total derivative; integration 
by parts brings down factors of ki ■ kj from the correlator of the exponentials, and one can 



choose the kinematics such that the surface terms vanish in the integration by parts ||81|| . 
Replacing pairs of $f by pairs of iki ■ i^^Q also leads to terms with at least two powers of 
momenta. 

The scattering amplitude can develop poles -^j-^ from on-shell intermediate states. 
This would lead to contact terms at zero momentum and a non- vanishing effective potential 
for the candidate modulus, as the pole cancels the quadratic vanishing of the numerator. 



One could worry that this restricts the CFT to have c = |c < 9, but at least in tree level 
string amplitudes one can admit larger c together with a compensating timelike linear dilaton. 
The tree level scattering amplitudes are unlikely to exhibit any pathology. 
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But fortunately F also picks up a total derivative in {zi,Wj) from its right- moving super- 
structure. The amplitude behaves as k'^/k'^ ^ as the momenta are uniformly scaled to 
zero, and no effective potential is generated for A/" = (2, 2) supersymmetry. 

To complete the proof, one must show that F is indeed a total derivative with three 
of the coordinates {zi,Wj) held fixed. Consider the expression for the upper component 

^f{zi) = I dz 2G^(;2)$J(2i) = — / dzz 2G^{z)^^{zi) (A.4) 

izi ^1 izi 

and deform the integration contour so that it surrounds the other vertices in the correlator 
(these pick out the only two modes of G{z) that are regular at z = 0, oo). The relevant 
operator products are 

G+{z)^^{w) ~ 



G+(z)$+H~2|-(^$+H) 
ow z — w 

G-(z)<5+(w) —<5+(w) 

z — w 



(A.5) 



G~{z)^^{w) ~ 
and similarly for i- One finds 



n 

F{Zi,Wj) = -^dyj^.Fr{Zi,Wj) 

r=l 
n 

ZiF{Zi,Wj) = - ^d^^[WrFr{Zi,Wj 



(A.6) 



r=l 

where 

Fr = ($+(Zl)$+(^2) ■ ■ ■ ^t(^n^)^lM ■ ■ ■ ^0"K) " " " '^liw^)) ■ (A.7) 

If m > 3, we can fix three of the Zi and then F is a total derivative with respect to 
the Wj, which are integrated. Similarly for n > 3. Thus one need only examine the 
cases {m.n) = (2,1), (1,2), and (2,2). Without loss of generality we can assume m = 2 
(otherwise just interchange the roles of chiral and antichiral in the following). Use SL{2, C) 
invariance to fix zi, z^, and w\. Multiply the first of ( |A.6|) by w\ and subtract from the 
second to obtain 

F{zi, Wj) = Fi{zi, Wj) H d^^[{w2 - wi)Fi] (A.8) 

Wi — Zi Wi — Zi 
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(we have assumed the most comphcated case n = 2; if n = 1, replace $0,1(^2) by the 
identity operator). The problem boils down to showing that Fi is a total derivative. 
Apply the expressions ( |A.4| ) to $^(2:2) and deform contours to obtain 

Fi{zi, Wj) = -H - dyj^H2 

(A.9) 

Z2Fi{zi, Wj) = -ziH - dnj2[w2H2] , 

where 

H{z,,w,) = {<^+{z^)<^+{z2)^oM'^IM) ^ ^ 

(A.IO) 

H2{z,,Wj) = ($+(zi)$+(z2)$o M) . 

Now eliminate H from ( [A.9| ) to obtain 

FM,w,) = — - — d^,[{w2 - zi)H2] , (A. 11) 

Zl — Z2 

a total derivative with respect to the integrated variable W2 if ^ = 2, or vanishing if n = 1. 
Thus the effective potential for M = 2 massless chiral fields vanishes, and they are moduli. 

Note that the key here is the last OPE in ( [A.5| ) , which says that the contour deforma- 
tion of G~ does not act on any Then in ( |A.7| ), there are no derivatives with respect 
to any of the Zi, in particular the unintegrated ones; if there were, the expression could 
not be reduced further and we could not show that the correlator is a total derivative with 
respect to integrated variables. This is for instance why the argument does not apply to 
M = 1 supersymmetry, where all the operator insertions are on the same footing. 

A. 2. Application to large A/" = 4 

The above proof relied essentially on the properties ( [A.5|) of chiral superderivatives. 

The modulus appeared in the combination T = (7+$^ + Q-^i (where g- = g"^), and the 

terms with m chiral operators $^ = G^i^g^ and n antichiral operators $^ = G^i^fT 

2 2 

were analyzed separately. 

For large M — A, the modulus deformation has the form 

r = G?^,G5$,^_; (A.12) 

expanding in components, one has two canonical J\f = 2 substructures 



r = Ti + T2, 
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(A.13) 



where (again suppressing the anti-holomorphic structure) 



(A.14) 



the problem is that are neither chiral nor anti-chiral under the Af = 2 generated by 
G^^, and similarly are nonchiral under the J\f = 2 generated by G^^; so we cannot 
directly apply Dixon's argument. Fortunately, we will be able to find an appropriate 
modification. 

The correlation function ( |A.1D of conformal perturbation theory can be broken apart 



into contributions 

m n 

(n^i(^on^2K)) . (A.15) 

i=i j=i 

Embedding the problem again in string theory via an expression of the sort in ( [A.2| ), the 
problem again boils down to showing that all of these contributions are total derivatives 
with respect to the integrated variables. 

We now claim that there is a rearrangement lemma, namely: 



n^2K)n^i(^o) =(^iK)n^2K)n^i(^o) (a.i6) 

j=l i=l j=2 1=1 

This Ward identity allows us to reduce the large J\f = 4 moduli problem to the Af = 2 
subalgebra, and then we can invoke Dixon's theorem. 

In order to prove ( |A.16|) we will need the following OPE's: 

G++(z)Ti(w) = G++(z)(g--^++] = --^i $++(«;) 

V / ow \z — w 

G++{z)T2{w) = 

dw\z — w / 

G--{z)T,{w) = G++{z) = (^$--(^) 

V / ow \z — w 

G"iz)%iw) = -^(^^"M) 
ow \z — w J 



(A.17) 



as well as 



dw \z — w 

A+^--{z)Ti{w) ~ 
A+^--{z)T2{w) ~ 

A---{z)ri{w) ~ 

A-'—{z)T2{w) ~ 



(A.18) 
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The equations ( |A.18|) are proved using the identities ( [4.19|) . 
Now we write: 

n m 

j=i i=i 

m 



» » n m 



n p. I 



r=2 



9z 



r=2 



n m 

ViK)n^2K)n^i(^o) 

(A.19) 

The primes on the products indicate that the appropriate factor is deleted from the prod- 
uct. In the first equahty, we have written the definition of Ti,72. In the second we have 
deformed contour integrals of G and used (|A.17 ). In the third we have used the Ward 



identity following from contour deformation of integrals of A^'~~ and made use of ( |A.18|) . 
Finally, in last equality, we have used again a Ward identity following from deformation 
of contour integrals of G. Thus we can systematically reduce the correlators (|A.15D to 
correlators of only Ti. 

Now let us separate the product over Ti{zi) in ( [A.15| ) (with n = now) into its 
separate contributions from m+ operators G~~^^^{zi), and m_ operators G^^^~~{z[). 
Since G~~ in the OPE ( |A.17D treats G^^^~~{z'j) in the same way that the antichiral 
operators behaved in Dixon's analysis, we are done; we can simply apply the same 

analysis with G~~^^^ playing the role of $^ and G^^(^~~ playing the role of 

Appendix B. AT = 4 algebra in bispinor notation 

Spinor conventions: e"' = e |_ = 1 raises/lowers spinor indices from the left. The 
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adjoint of su{2) is a bispinor according to: 



In four dimensions: 











X++ 


= x^ + ix^ 


x+- 


= -x' 


X 


= —{x^ — ix 



a^^^ = {i, -a) 
In terms of 7 = k~ /k, 1 — 7 = /k we have 

c 2 1 

+ i{n — m) 

K'^ ^] = {{^'^0 [Giim - 2(1 - l)mQ'itr^ 



SnAB r<CD\ _ ^^BDAC 



'n+m 1 2 

-7A;l4f + (1 - l)A-+i^e 

>CA \ 



4' 

AC Ad 



where 



qAB _ qBA _ 2_ 



1 (G^-iG^ G^-iG^ 
2\G^ + iG^ -G^ - iG^ 
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